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Preface

AThe bad news ithat the subject is extremely difficult. The good news is thatgrithat

means youcan understand it with hard thinking, even if you have no mathematical background
beyond arithmetic and you think you have no mathematical capability. That's becuse th
difficulty lies in such matters as ppointing the right question, but not in any difficulties of
mathematical manipulatioa.

--Julian SimonResampling: The New Statistics, (.2

Here it is necessary to emphasize that the resampling method is uska tihegroblems
themselves rather than as a demonstration device to teach the notions found in the standard
conventional approach. Simulation has been used in elementary courses in the past, but only to
demonstrate the operation of the analytical matherabideas. That is very different than using

the resampling approach to solve statistics problems themselves, as is done here.

Once we get rid of the formulas and tables, we can see that statistics is a matter of clear
thinking, not fancy mathematics. Thwe can get down to the business of learning how to do
that clear statistical thinking, and putting it to work for you.

If you intend to go on to advanced statistical work, the older standard method can be learned
alongside resampling methods. Y airoduction to the conventional method may thereby be
made much more meaningful.

—-ibid., p 27

Thefirst partof thisbookexplores a number of famili@robability and statistics ideas from the
viewpoint of simulation using theesampling StatanguageThe second part introduces and
describes most of the features of the exterRieshmpling Stalanguagel have used the

process of writing th&tatistics10Jprogram and the associated documents, including this one, to
improve my understanding of staitst. If you are a student, | hope these efforts will help you
learn statistics too. If you are a professional using statistics in your work, | hope that
Statistics10Wwith its resampling approach will be a useful addition to your kit of tools. If you
find any errors or have any suggestions, | would appreciate it if you would send them to me so
that | can incorporate them into the document(s).
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Introduction

Resampling Stais the name of a statistical simulation language developed by Julian Simon and
PeterBruce. It is also the name of the computer program they developed to interpret and execute
the language. The language and the program together were designed to be-todeapietool

for teaching probability and statistics concepts. They were alsaleddn help students and
professionals to get correct answers to probability and statistics problems, especially in cases
where classical closefdrm mathematical approaches are difficult to apply or are unavailable.

Statistics101s a computer program thanderstands and executes programs written in the

Resampling Statanguage. In that sensetatistics101 s a ficl o n eResamplingt he or i
Statsprogram. Unlike the origindResampling Stagsrogram,Statistics101s written in Java and

is therefoe able to run more or less the same on any platform where Java is supported.
Moreover,Statistics10ladds many commands to the langudigenhances the COPY command

to incorporate the functionality of six commands (CONCAT, COPY, DATA, NUMBERS, SET,

and URN). Statistics10ompletes the symmetry of the set of tests by adding two operators,
notMemberOf and notBetweeStatistics10has added logical expressions to the language.

These allow complex tests to be written for IF, ELSEINTIL and WHILE commands.

Statistics10&lso enhances the language to allow-ug@ten subroutines .

The first part of thidook Solving Probability and Statistics Problems with Statistics101

introduces the use &tesampling Sta@sndStatistics10X0 solve probability and statistics

problems. The second pathnguage Basi¢glescribes the extend&gksampling Statanguage

and the use of th8tatistics10Jprogram. Detailed information about each ccamehin the

language is accessible directly via Btatistics10br ogr amés many hel p feat
Special Technigueslescribes several programming techniques that you might find useful for

some common prdéms. Theappendicefclude a glossary, a complete listing of all the

commands and supplied subroutines with aloreedescription of each, and a categorized listing

of all the commands and subroutines.

How to read thi®ook

You may read this documemt order, from start to finish. The first pa@nlving Probability and
Statistics Problems with Statisticsl@liscusses probability and statistics from the viewpoint of
resampling. It illustrates the concepts usingRlesampling Stalanguage, introducing the
language features only as need&slyou read through the text you can copy the programs from
the text and paste them irBtatistics101Then you can run them to see the resifligu get to
somet hi n gunderstand, goo oad ook for that topic in the later part of this document,
Language Basi¢®r inthe Glossaryor in theStatistics10help.

Or, you can start with theecond partLanguage Basi¢$o get a complete picture of the
extendedResampling Statanguage and then return to the beginning of this text to learn to apply
it to probability and statistics problems.

A number of typical examplerograms are distributed with tisatistics10Jrogram in the

folder AResamplingProgramso. For rasampingh mor e
approach to probability and st at iResamptng:the pl eas
NewStatistics whi ch can be found at Peter Bruceods WwWe
http://www.resample.com/content/tex#lso, you will find a wide variety of excellent examples
usingResampling Sta@nd the resampling methot a
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http://www.Statistics101.net/PeterBruce-i0&s.pdf and at
http://www.resample.com/content/examplesl these examples will ruwithout change in

Statistics101

Before reading this document, it might be helpful to reviewAttiebe® FlasH overview of the
Statistics10Jrogram, which is accessible from tBttistics10Inenu Help>Program Overview
or directly fromhttp://www.statistics101.net/images/statistics101web g000003TitenFlasfi
overview explains the major features of 8tatistics10Imain window and menus.

NOTE: Please make sure you have thediaversion oftatistics101You can check whether
you have the latest version by selecting the menu Help>Check for Updatean download
the most recent version fronttp://www.shtistics101.net/statistics101web 000003.htm
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The Resampling Method

The resampling method, as described by Julian Simon, is based on the following idea:

AfBeneath the | ogic of a statistical i1nfere
resamplilg methods...allow us to work directly with the underlying physical model by
simulating it, rather than describing it w

You use the extenddglesampling Stalanguage to describe the underlying process and then run
the simulation using th8tatistics10Jprogram to arrive at your answer.

An interesting feature oftre s ampl i ng met hod i s that you donoH
your problem into some pxisting category so you will be able to know what formula to use to

solve it. Withrema mp |l i ng, you dondls hhve aobmas&myalurerpi
fiDo | need to use the t distribution, or z tes€Cbi-Squaretest. o ? 0AiDoes my probl e
assumptions off hahés Xithtresampliage a @ 0 davnmalytneed to use

pre-existing formulasYou simply model the problem as it presents itself and the answers arise

from the model.

As a very simple example, say you wanted to know the probability of getting exactly two heads

in a toss of three coins. Yia@ould toss three coins many times, counting the number of times you

got exactly two heads and dividing by the num
That would take considerable effort and time. You could also calculate it preciselykifigou

the correct formulal'o know the correct formula, you would have to identify this as being in the

Abi nomi al e x p dnsteach evithbtaiisticskE0lyeoguo rdyo.n 6t car e what ¢
belongsto. Yujusts i mul at e or A mo di@nvs @extfollowing a pingle quetste a s f
end of line is a comment):

COPY 1 2 coin 'let 1=head, 2=tails
REPEAT 1000 ' repeat the following 1000 times
SAMPLE 3 coin tosses ' simulate toss of 3 coins
COUNT tosses = 1 headCount ' count number of heads (ones)
SCORE headCount results ' append heads count to "results"
END "end of repeat
COUNT results = 2 successes ' count how many results were exactly 2
DIVIDE s uccesses 1000 probability ' calculate the probability
PRINT probability ' print the probability in output window

The program simulates 1000 tosses of three coins and prints out the resulting probability. You
can copy the programndm this document and paste it into Statistics10lindow and then run

it by clicking ﬂmthesuaﬁsticélﬂlmmbér. Tiheuoutpuolaoks like this:
probability: 0.368

Here's what the above program is doing-lydine:

1. Putthenumbers and 2, representing heads and tail
named A vceotor i a list of numbers and/or names.

2. Repeat the following three commands (a, b, and c), in order, 1000 times:

a. Take three samples at random, with replacenfento m t he fAcoi no a
values into another container calle
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a coin. On each repeat, Atosseso wild.l c
this: (12 1)

b. Count how many of the tosseswereequaltol e ., heads) . I f Ato
(1 2 1), then the fiheadCounto would be
c. Record the number of heads from this trial by appending it (using the SCORE
command) to the Aresultso container, wh

headCountwere 2,then woul d be added to the end of

3. Count how many of the 1000 results in the results container were equal to two, i.e., two
heads.

4. Calculate the probability by dividing the number of successes by the number of trials.
5. Print the probaiity.

Notice that if you run the program several times you willaggightly differentanswereach

time. That is not an error. It is the result of the fact yoatare simulating a real process (tossing

coins and counting the resultf) you actuallycarried out the process several timath real

coinsyouwould also get slightly different results each time. In fact you would be very surprised

if the results were all exactly the sani@e only way the results would all be the same is if the

number ofrepetitions were infinite instead of as here, 1@contrast, lte formula that

calculates the probability of two heads out of three always gives the saméQ&5tdjbecause,

in effect, it assumes an infinite number of trid@dy.increasing the number of trials, you get a
result closer and closer to the formulads res

Questions for discussion:

The probabilities computed by a resampling simulation vary slightly from run to run and from
t he exact f or muihvalidate the esamgling metlidd?e s t hat

Assuming that your resampling simulation is correct, how can you improve its precision, i.e.,
how can you make the result closer to the ideal answer?
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PART 1: Solving Probability and Statistics Problems with
Statistics101

To solve probability and statistics problems ushtgtistics10lou writeResampling Stats
programs that model the process undewmaddigfi ng yo
produces the desired result. For purposes of
Asuccessful 6 outcomes to the number of trials
whose probability youwant tocompug.

In this section, | wi develop several example programs to give you the understanding needed to
write your own programs. After you read this section, | recommend that you look at the excellent
examples showing how to solve a wide variety of statistical problems Resamphg Stats

and the resampling methodhdtp://www.statistics101.net/PeterBruce-i06s.pdf.

Probability versus Statistics

In probability problems, you reason from the known populatioh&ounknown random sample.
A probability problem is therefore a problemdsfduction i.e, reasoning from the general (the
population) to the particular (the samplie)(inferential)statisticsproblems, you reason from
the known random sample to the unknown popula#ieninferential statistics problem is
therefore a problem afiduction i.e., reasoning from the particular to the general.

Deductve reasonindpas the property that if the presas are sound and the reasoning process is

correct, then the final deduction is corrand certaininductive reasonindpas the property that

there can be no certainty in the result because the starting premisésitadenformation

about the generalse and are yet being used to try to characterize the generdi akhsbe

swans that yohave seen have been white, would it be vilisayt hat nall s®mns ar
statistical results are mosntervalg tem hypgetdhae ni
which try to maximize the amount of information about the population that can be derived from a
limited sample.

Building a Probability or Statistics Model

Populationrefers to the entire set of objects from which a sample is di@ampleefers to a
randomly selected subset of the populatProcesgefers to the method you use to select your
sample from the population and how you separate desired outcomes from the undesired
outcomes.

These, then,arethethree main conceptualesgpp onent s of a probability o
Resampling Statshe population, the sample, and the process. | will discussdhe at a time.

Modeling Populations

In probability problems, you know the population. In classical probability studegyyical
population may be a deck of cards, a fair coin, an urn with known numbers of diffelered

balls, a pair of dice, a roulette wheel, and so on. These are useful populations to communicate
probability principles with because they are widelywnand very clearly defined. Given such

a population, you then try to find the answer to a question about various random samples taken
from that population.

10
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In ResamplingStasou dondét have decks of cards, you do
you have are numbers and names. Therefore, you have to choose sets of numbers or names to
represent the relevant subsets of a population in the same proportions that they coenpose th
population.

| use numbers instead of Named Constants in this section so you will have a clear idea of how
the models work. In subsequent sections | will use Named Constants where possible, to minimize
the use of arbitrary code numbers. See the seldzomed Constantfer how to replace numbers

with namego make yousimulationseasier to write and read

For example, if you want to represent a fair coin, you might choose the number 1 to represent
Heads and 2 to repredeTails.

You could model this ifResampling Statgke this:
COPY 1 2 coin

This line is aResampling Statsommand A Resampling Stagsrogram is made up of a sequence

of commands(SeeAppendix 2or Appendix 3for a list of the commandsThe first word on a

l ine, in this case, @ COPYBolowingtheadmmang samedane na m
the fargument so0 t ha tArgunemtsare tbemputs and outpytssofaat es on.
commandThis particular commancopies the two numbers into the vector narwd . The

two numbers are input argument vectors, the varialle is the output argument vectey.

vector is just a list of number8ach number in theector is called an elememt.vectormay

contain zero or moreumbers. A vector may or may not have a name.

If you want to see the contentsoofn you can add a PRINT command to make a short program
like this:

COPY 1 2 coin
PRINT coin

If you copy thosewto lines intoStatistics10knd run them you will get this result:
coin: (1.0 2.0)

As you can see, the PRINT command prints the name of the veetoand its contents to the
Statistics10Dbutput window. A vectors represented as a list of numbers sdpdrhay spaces and
enclosed in parentheséssingle number without parentheses, such as2, is considered to be
an unnamed vector with one element.

Later, you will see how to Aflipd the coin (r
SAMPLE command. But what if you want to model a weighted coin that you (somehow) know

will come up Heads 60 percent of the time? You could take one of several approaches. You

could use the same two numbers as above to represent Heads and Tails, but now, yquuhave to
them in the vector in proportion to their weighting in the coin, like this:

COPY 6#1 4#2 unfairCoin

The m#n notation is a shorthand way to repres
but equivalent tavriting:

COPY (1.01.01.01.01.01.0 ) (2.02.02.02.0) unfairCoin

Either way, you have put 6 onesand 4twosyatau r Aunf air Coi no. I f you

unfairCoin, this is the result:

11
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unfairCoin: (1.01.01.01.01.01.02.0 2.0 2.0 2.0)

Thus if you were to select a number randomly ftbeunfairCoin  vector, with each element of
the vector having an equal chance, you would have a 60% chance of getting a Head (1) and a
40% chance of getting a Tail (two).

An alternative approach would be to use the numbers from 1 to 10 and say thaheir of
represent Heads and four of them represent Tails:

COPY 1,10 unfairCoin

I n this command, the notati on finegerdietweesn a shor
and m, inclusive. So after this command execuigsiyCoin  will contain all 10 numbrs from
one through 10, in ordewhich would print outike this:

unfairCoin: (1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0)

For the current example where our unfair coin is biased 60% heads, you would say that the
numbers 1 through 6 represent Heads whiler@ugh 10 represent Tails. Then if you randomly
select a number from the vector, you would take it as Heads or Tails depending on which group
of numbers it came fronif a selected number were between 1 and 6, then you would execute the
commands approgaie for heads. If the number were not between 1 and 6, then you would
execute the commands for tails

If your weighted coin had a less convenient imbalance, say 65% Heads, you could still use either

of the above approaches, but would have to use biggtong to allow for the extra precision
required to represent five percent increments
change to model the new weighting:

COPY 65#1 35#2 unfairCoin
and
COPY 1,100 unfairCoin

The first command puts 65 ones and86s into the coin. The second puts 100 numbers into it
with the numbers 1 through 65 representing Heads and the others representing Tails

When you model a population, you want to represent the subsets of that population that are
relevant to your probta. For example, if the population is a-&&rd poker deck there are several
subsets that you might or might not need to model depending on the question you are trying to
answer. If you want to know probabilities related to the values of the cards, bilitoooudt c ar e
about the cardsdé suits, you might wuse

COPY 1,131,13 1,13 1,13 deck
or as an alternative,

1You could do that using Resampling Stats like this:
SAMPLE 1 unfairCoin result
IF result between 1 6
ADD 1 headCount headCount '(Or other commands to be executed for heads)
ELSE
ADD 1 tailCount tailCount '(Or other commands to be executed for tails)
END

%For five percent increments, you really only need 20 numbers, with 1 through 13 representing the 65% and 14
through 20 representing the 35%, but using 100 makes it eas@&at® the numbers to the percents.
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COPY 4#1,13 deck
This gives you 4 sets of cards from Ace (1) to King (13) but no indication of their suit.

If you care about the suit, you can use sometlike this:
COPY 1,52 deck

When you sample from this population, you would interpret numbers from 1 to 13 to be of one
suit, say Hearts, 14 to 26 to be of another suit, etc. Or, if you cared only about the suit, you could
use the numbers 1 through 4 épresent them:

COPY 13#1 13#2 13#3 13#4 deck

The examples given so far have given you some ideas that you will find useful in solving other
problems, but there is no magic or fAone popul
model for the poplation in your problem is not always easy. Careful thought is necessary, as it

is in every aspect of probability and statistics. If you need to deal with populations having

multiple related attributes, read the sectibiosv to Sort Related VectoendHow to Shuffle

Related Vectors

So far we have been modeling only discrete finite populations. Discrete populations have a
number of known (usually) integer values. There is just one staddaréte distribution model

available as &esampling Statsommand, the Poisson distribution, which is modeled using the

POl SSON command. |l wondt discuss the POI SSON
useful applications. If you are interested,daioup in theStatistics10help. The binomial

distribution is another discrete distribution model, but there Regampling Statsommand

with which to generate binomial sample§'he BINOMIALPROB command computes

probabilities directly without usingimulation.) Nevertheless, our cdiipping simulations are

examples that use the binomial distribution without explicitly mentioning it.

You can also model populations that consist of infinite number of measured or fractional values.
These aCentdalnlued si Di stri butionso. R8sampéngal suc
Statslanguage. The most common and familiar one would be the NORMAL command. The

others are EXPONENTIAL, LOGNORMAL, PARETO, UNIFORM, and WEIBULL.

For example,fiyou know thath e popul ati on you are dealing wit
you know the popul ationbés parameters (mean an
command to model thaobpulation. The NORMAL commanrahd all the other distribution

commands combine ¢hmodeling of the population with the generation of samples. For example,

if you wanted 10 samples from a population whose mean is 100 and standard deviation is 20,
then the following command would do th®ojob a

NORMAL 10 100 20 samples
| will discuss binomial sampling and continuous distributions in more dateiin the section

Probability DistributionsBu t f i r s t the skcend éompoheatofla prabiability or
statistics modelsampling

*There is a subroutine named BINOMIALSAMPLE in fifedirectory that will generate binomial samples.
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Modeling Samples

Sampling with replacement

Once youodbve defined your population, you wil/|
our fair coin exampleyou canmake one change its population definition: sincppud on 6t car e
what numbers represent &tés and Tails, yooan just use their names and make the code more
readableThe ENUM command allows you to create names that you can use as if they were

numbers. The names can evenused as elements ofavectdo w, how do you dAfl i
You flip the coin using the SAMPLE command. If you want one flip, you would do it this way:
ENUMheads tails '‘Create names to enumerate the possible outcomes

COPY heads tails coin ‘create model of coin (copy names into coin vector )

SAMPLE 1 coin coinSample ' randomly choose one value from coin (“flip it")

PRINT coinSample

This SAMPLE command chooses one value at random from the twm irand puts a copy of
that choice ircoinSam ple . That is equivalent to flipping one coin. If you run the above three
line program several times, you will see that sometico@Sample is aheads , other times it is
atails

If you change the command to:
SAMPLE 3 coin coinSample

then you have sampledin three times, with replacement, and copied the three results into the
coinSample vector. This is equivalent to flipping one coin three times or flipping three coins one
time. If you run the program with this new SAMPLE command wdliget output that looks

like this:

coinSample: (tails tails heads)

Notice that even thougtvin has only two values in it, you can sample it as many times as you

want, because SAMPLE does not remove its chosen value from the vector. This method of

samp i ng, where choosing a parybufronuchamsingthed mpl e on
same sample again, is called Asampling with r
you replace it back into the deck before you make the next draw, Hraitleer example of

sampling with replacement.

In general, then, when you want to sample with replacement from a finite population, the
SAMPLE command is the one to use.

Sampling without replacement

In the previous section you saw how to use the SAMPLE camdnto simulate random sampling

with replacement from a given population. In this section you will see how to simulate random
sampling without replacement. ASampling witho
particular item from a population, yood not repl ace it into the pop
choose that same item in subsequent choices.

Letdébs go back to our card deck .-cartGhapdgdoro se you w
discover the probability of getting two aces in the hand. First, yaudixdecide how to simulate

the deck (the popul ation). I n this case, you
you decide to use this model:

14
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COPY 1,131,13 1,13 1,13 deck '1=Ace

Now you want to simulate dealing the hand of fieeds, but first you notice that the numbers in
the deck are all in the very predictable order depicted in the COPY command. They are not
shuffled. So you look at the list 8Bfesampling Statsommands irAppendix 2or Appendix 3

and find a command named SHUFFLE. After reading the help text for it, you decide it is a good
fit. So you add that command to your incipient program to get:

COPY 1,131,113 1,13 1,13 deck 'l =Ace
SHUFFLE deck deck 'shuffle deck, put result in deck

If you put print statements after each line you will see the results of the shuffle.

Before shuffle:
deck: (1.02.03.04.05.06.07.08.09.0 10.0 ...)

After shuffle:
deck: (7.0 12.0 12.06.010.02.07.013.04.09.0...)

Each time you shuffleeck you will get a different order of its contents. Now the simplest way

to Adeal 0o the cards is to take the first five
to copy desired elemerft®m its input vector to its output vector. The desired elements are

specified by another vector. So the program becomes:

COPY 1,131,131,13 1,13 deck '1 = Ace

SHUFFLE deck deck 'shuffle deck

TAKE deck 1,5 hand ‘Take first 5 fro m deck; put in hand

This TAKE command & nakdetements a throughs5 aiidEapytihem to

hand0. So now you have dealt a hand. What vyou h

sample without replacement from a population. Foraase, not just a deck of cards, where you
have to sample a population without replacement, you can use the SHUFFLE and TAKE
commands in tandem.

You might be obj ec tyaudegl cardd. Usually, yos deal one catd hoeachv a y

pl ayer before giving the next card to the fir
one, then the next five to player two, and so
shuffled, he probabilities resulting from the two ways of dealing are identical. Although the two

ways of dealing will make a difference to a particular player in a particular game, on average the
results will be the same. And on average, if many games are plagadethod of dealing (as

|l ong as it is honest) will not affect the out
after thinking about it for a while, try writingResampling Stagsrogram that compares the two

met hods. Hi n taring theaaeswtslof usirg thiseommand

TAKE deck 1,5 hand '"Take first five Acardso from deck

with using this one:
TAKEdeck (1 5 9 13 17) hand 'skip cards that go to 3 other players.

In general, to sample without replacement, you will usually useth#SLE and TAKE
commands together.
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Modeling Processes

A P r o,athe shsd part of a modelefers tothe method you use to select your sample from the
population and to separate the desired outcomes from the undesired outcomes. In our current
problem, the process is to record how many times the hand contains two aces. This means you
have to shuffle theetk, draw a hand, count how many aces are in the hand, and if there are two,
record that as a success. You do this repeatedly, and then calculate the proportion of successes
out of the number of trials as the desired probability.

Having come this far, yomight as well complete the program. How many aces does the hand
contain? You need to count how many ones are in the simulated hand. You find the COUNT
command in the list of commanasAppendix 2or Appendix 3and see that it is suitablé.

counts how many elements of a vector pass a certain test. Here you want it to count how many
aces are in a hand:

CONST1 ace ' Assigns the name facedo to the numbe
CCPY 1,13 1,131,13 1,13 deck 'create the deck

SHUFFLE deck deck 'shuffle deck

TAKE deck 1,5 hand "Take first 5 from deck; put in hand

COUNT hand = ace aceCount  'Count the aces (ones) in the hand

| 6ve added a «oausipgdihe CONES commatsd | cai ase itin the COUNT
test instead of GGQGUNNfndsawo becas, you warlt to recdhdieas a . | f
success. Thatquiresusing two new commands, IF ahBT. Adding those to the program gives
this:

CONST1 a ce '1 = Ace
COPY 0 successCount 'initialize a variable to count successes
COPY 1,131,13 1,13 1,13 deck 'create the deck
SHUFFLE deck deck 'shuffle deck
TAKE deck 1,5 hand "Take first 5 from deck ; put in hand
COUNT hand = ace aceCount  'Count the aces (ones) in the hand
IF aceCount =2 'If the hand had 2 aces...
LET successCount = successCount + 1'...increment the successCount vector
END

The LET commane@xpressemathematicbeformulas using familiar operator symbols such as +,
-, *, [ andsome command namas will be describethter in the section ohhe LET Command.

I n this exampl e, you datsuccesseoand edudl ies curr&éivaleeo mma n d
plus one. o0 Under the control of the I F comman
successCount vector only ifhand contained two aces.

The I F command can control many |l ines, so it
the ND command is for: it marks the end of the
consisting of one shuffle and one hand. Thatod

decide you need to repeat the process many tiimeREPEAT commands designed for this
purpose You end up with this:
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CONST 1 ace '1 = Ace
COPY 0 successCount "initialize a variable to count successes
COPY 1,131,131,13 1,13 deck ‘create the deck
COPY 1000 numberOf Trials ‘cou Id use CONST here instead of COPY
REPEAT numberOfTrials 'Repeat the following 1000 times
SHUFFLE deck deck 'shuffle deck
TAKE deck 1,5 hand "Take first 5 from deck; put in hand
COUNT hand = ace aceCount 'C ount the aces (ones) in the hand
IF aceCount =2 'If the hand had 2 aces...
LET successCount = successCount + 1 ‘increment the successCount vector
END
END
LET probability = successCount  / numberOfTrials
PRINT probability
The REPEAT commanddés scope, Il 1T ke that of the
commandThe REPEAT command i s o neThedtherftheeaare Al oopi n

FOREACH, WHILE, and UNTILEach of the looping commands has a different way of
deciding hev many times to repeat the commands in its scope.

Notice that this program uses a variable nat@perOfTrials , for the number of trials. The
number of trials is used in two places in the program and if you wanted to change it you would
have to remembeo change it in both places. Using a variable means that you only have to make
the change in one placthe line where the variable is given its initial valliee progranmalso

uses th&€ONSTcommand to create a Named Constant.

One run of this program pdaced the answer:
probability: 0.039

Probability Examples

Now that webve collected some ideas on how to
Resampling Statsve can proceed to apply these ideas to problems in probability.

Independent Events

Independent events are those for which the outcome otraigs not related or dependent on

the outcome of anothdndependent events often can be modeled by sampling with replacement.
As the simplest exampl e, take tylofetspashsoraclhc oi n.
toss is Aindependento of any and all previous
heads on average 50% of the time. Say you wanted to know the probability that if you flip a coin

3 times you will get exactly two headéou could answer that question by flipping the coin
thousands of times, recording how many times each sequence of three flips had exactly two
heads and then dividing that number by the number of groups of three you had ibgsed

had enough time and erest. Or you could apply the classical solution if you know that. The
classical solution is achieved by counting the number of ways that three coins can come up with
two heads (3) and dividing by the number of different ways that three coins can falgé)the
probability of 3/8, or 0.375. WitBtatistics10lou use the method of simulating the thousands

of coin tosses and recording the results. You have seen a program that performs this simulation
beforein this document. | repeat it here for ease of reference.
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ENUMheads tails

COPY heads tails coin

COPY 1000 numberOfTrials

REPEAT numberOfTrials
SAMPLE 3 coin trial ' flip coin 3 times
COUNT trial = heads headcount
SCORE headcount headCounts

END
CQJNT headCounts = 2 successCount
LET probability = successCount  / numberOfTrials

PRINT probability

Running this program three times produced the following outputs:

probability: 0.367
probability: 0.375
probability: 0.371

You know from the classical methdiat the correct answer is 0.375. Our simulation got results

that hover around that value. If you needed more precision, you could do more than 1000 trials.

But an important result of using simulation is that you clearly see the variation in the results.
While 0.375 is the fAexacto answer, in the rea
is very important in probability and statistics to keep that variability of results in mind. After all,
probability is probability, not certainty.

Forvarietyl et 6s | ook at another example of indepen:
CliffsQuickReview Statisticé dartboard is divided into twenty equal wedges, ignoring the bull's

eye. Only six of the twenty wedges are worth points, so the probabilitphgon one throw

is 6/20, or 0.3, assuming your throws always hit the board. What is the chance of hitting at least

one scoring region in three consecutive throws? (FediffsQuickReview Statisticp.48).

ENUMscore noScore
COPY 3#score 7#noScore scori ngProbability
COPY 1000 numberOfTrials
COPY 0 successCount
REPEAT numberOfTrials
SAMPLE 3 scoringProbability throws
COUNT throws = score numberOfScores
IF numberOfScores >= 1

LET successCount = 1+ successCount
END
END
LET probability = successCount  / numberOfTrials

PRINT probability

The first task is to create a simulation for the probability of scoring. That was done by putting

t hrseoe OA t 0k e ns nosdarel 0 S te o ke en BedfingRronabiliy a vector. This is

our 0 pop islasftyoubadebeledthrep i eces of paper with the \
severnwi t h A nand$uat theneima hatlext, you want to simulate the process. Using the

SAMPLE command to draw three tokens at random, with replacement, from the

scoringProbabil ity vector simulates three independent throws at the dartboard. The three

throws constitute one trial. Next, you want to see if this trial meets the criterion for success, i.e.,

did it have at least one throw that scored? So you count the number of dime®ccurs in

your sample of three. If that number is at least one (>=1), then you record it as a success by
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incrementing theuccessCount . After doing this 1000 times, you divide that sum by the number
of trials to obtain the probability.

Dependent Events

In the previous problem of the two heads in three coin tosses, all the events were independent of
one another. In other words, if one of the three tosses came up heads, that had no influence on
the probability of any owWwheretheoutcomdodone dvents s e s .
affects the probability of the second. What is the probability of drawing an ace at random from a
deck of cards, and then on your second draw drawing another ace? Clearly when you start, there

H

are 4 acesinthedeckof52cds. So the probability of gettin

drawn an ace, there are only 3 aces left in the deck of now 51 cards. So on the second draw, the
chance of getting an ace is 3/51. This is an example of sampling without replacement. The
selecton process results in the probability of the second draw depending on the outcome of the
first dr aw. Events rel at ed iDependéntesentsvaiten canr e
be modeled by sampling without replacement. As the simplest exaak#ehe fair coinYou

might know that the rule that applies here is to multiply the two probabilities together. Thus the
answer to the question would be 4/52 x 3/51 = .00452. HerResampling Stagsrogram that
simulates drawing 2 cards from the dec&ny times:

ENUM1 ace
COPY 1,13 1,13 1,13 1,13 deck
COPY 10000 numberOfTrials
COPY 0 successCount
REPEAT numberOfTrials
SHUFFLE deck deck
TAKE deck 1 firstCard
IF firstCard = ace
TAKE deck 2 secondCard
IF secondCard = ace

LET successCount = 1 + successCount
END
END
END
LET probability = successCount  / numberOfTrials

PRINT probability

This program first creates a simulated card deck by copying four sets of sequences from 1 to 13
into a vect or csatsdachdeprésdneondodthe sdithie theedeck. | let the
number 1 represent the Ace. Thus, there are 4 aces in the deck of 52 cards.

Nextit creates a variablepumberOfTrials , containing the number of repetitions to perform. |
uses this variable as #tnargument ofte REPEAT command. Notice thagalso ussthis variable
later in the program whahdividesto calculate the probability. This way yibu want to chage
the number of repetitions, yanly need ® change it in one place. Thennitializes a counter,
successCount , that will count the number of successes.

Next the program uses the SHUFFLE and TAKE commands. SHUFFLE randomly rearranges
the elements in theeck vector. TAKE copies the first value into the variaileCard . The IF
command comparegstCard  toace (1) and if it is an Ace, TAKE looks at the second card. If
this second card is also an Ace, el commandaddsone to the counter. The SHUFFLE and
TAKE commands used together in this way accomplish the goal of sargtivapt
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replacement. When the REPEAT command completes its many iterations;cdsCount

will contain the number of times that two aces were drawe.final LET commandivides the
number of successes by the number of trials to yieldrtivability . Finally, PRINT outputs
the probability

Running this program a few times produced these results:

probability: 0.0052
probability: 0.0053
probability: 0.0043
probability: 0.0045

This is a low probability occurrence so it is necessary to use a large nuneds @o get a
reasonably accurate result.

Summarizing, the general resampling approach in probability problems is to simulate the

uni verse, take repeated samples from that uni
ratio of thenumber ofsuccesses to the total number of trials. That ratio is the desired probability
value. For independent events, use the SAMPLE command, which simulates sampling with
replacement. For dependent events, use the SHUFFLE command with the TAKE command,

which togeher simulate sampling without replacement.

i n th

You will find many probability exampl es
n the Resampl

ASubroutineExampleso that are |
Statistics101Installation folder.

-t (D

Queston for discussion:

Is there any probability problem that cannot be solvesifoylation that can be solved by other
more traditionameans?

Probability Distributions

In addition to populations such as decks of cards, dice, coins, etc., there are aafundver
abstract populations that are often useful. These populations are described mathematically by
probability distributions.

A probability distribution describes the values that a random variable can take on and their
associated probabilities. Theneawo broad classes of probability distributions: discrete and
continuous. Adiscrete distributions the distribution of a discrete random variable. A discrete
random variable has a finite number of possible values, each with an associated probability. A
continuous distributioms the distribution of a continuous random variable. A continuous random
variable has an infinite number of possible values. Since it has an infinite number of values, the
probability of any one value is effectively zero. Havingozgrobability for every value is not
particularly useful, therefore the probability distribution for a continuous random variable is
defined so that it gives the probability that a value will fall within some intefiare is one
constant rule that agpk to allprobabilitydistributions, discrete and continuous: the sum of the
probabilities for all the possible values must be unity.

We will look at the two types of distributions in turn.
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Discrete Distributions

Discrete Uniform Distribution

An exampleof a discrete distribution would be the result of tossing a die. Each face of the die
has a 1/6 probability of occurring. So the probability distribution for the die consists of the 6
pairs of numbers, with the first number being the face and the se@ptbttability: (1, 1/6), (2,
1/6), (3, 1/6), (4, 1/6), (5, 1/6), (6, 1/6). Since the probabilities of all the possibilities are equal,

this is called a fiuniformo distribution, or m
Here is a program thatill generate a histogram for rolling a fair die:
COPY 1,6 die

SAMPLE 100000 die throws
HISTOGRAM binsize 0.1 percent throws

This HISTOGRAM command is using two optional keywords. The tistize n, wheren is
anypositivenumber, sets the width of askmgram bin ta. The second keyworgercent, causes
the frequencies to be displayed in percents rather than in raw numbers. For more of
HI STOGRAM6s options, refer to the programbds h
can see that all the biase very close to the same heigh/6 or about 16.7%hps expected for a

177]

uniform histogram.
16
154
144
134
12
114
225 2?5 325 425 4?5 525 5?5

Other discrete distributions include the binomial distribution and the Poisson distribution. We
wonoét discuss t he RaisticsbasaBAISSON dorbmandithatryoulcamr e  (
learn about in the programkelpdocumentatio)y but the next section will look at the Binomial
Distribution.

Frequency (%)
A i =
T L 1T 1 1 1 1

o}

3 ?5 G.25

throwes

Binomial Distribution

A Binomial distribution is the result of a process which has only two possible out¢fames
example, heads and tails, win or lose, score a touchdown or not), where each outcome has a
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complementary probability (i.e., they must sum to one; for the coin example, 0.5 for heads and
0.5 for tails), and the outcome of each trial is independahiecdutcomes of any previous trials.

Webve seen examples with fair and wunfair coin
di stribution. As youdll recall, it wasnoét eve
binomial distribution. The resulfast followed automatically from the simulation.

In general, you simulate a binomial populati@minga vectorthatcontairs multiples of two
different values in quantities proportional to their probabilities. For example, if the probability of
success i9.3, you might simulate the population like this:

COPY 3#1 7#2 binomialPopulation ' 1 = success, 2 = failure

This above command resultshinomialPopulation having these contents:
binomialPopulation: (1.0 1.0 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0)

Then, you us¢he SAMPLE command to select a given sample size with replatdrom the
binomial population:

SAMPLE 15 binomialPopulation mySample
Then, you count the number of successes and save it in a scoring vector:

COUNT mySample = 1 successCount ‘Count how many 1s are in mySample
SCORE successCount successList " Append successCount to successList

Repeat the above three commands say 10000 times and successList can be put in a histogram to
show the binomial distribution results.

Putting it all together, you havke following program:

COPY 3#1 7#2 binomialPopulation 'l = success, 2 = failure
REPEAT 10000
SAMPLE 15 binomialPopulation mySample
COUNT mySample = 1 successCount 'Count successes, how many 1s in mySample
SCORE successCount successList 'Append successCount to successList
END
HISTOGRAM percent binsize 0.1 successList

which produces the following histogram:
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Statistics10d o e s n 6t {nazomeandhatgeneérdtstbinomial samples. (The

BI NOMI ALPROB command computes pr olrdmostaft i es,
the time you willgenerate binomial samplasingseveral commandss shown abovdut you

can also use another approach that was discussed,dhdids to use a sequence of numbers,

saythe integers fronl to 100 and use an IF command or a test to set the division point between
success and failure. For example, if you wanted to generate binomial samples where the success
probability is 0.60r 60%, you can do something like this:

'Program to select a given number of samples from

'a binomial distribution with a given percent  probability

'of success.
ENUMsuccess failure

COPY 60 successPercentProb 'Arbitrarily choose 60%
COPY 10 sampleSize
REPEAT sampleSize

SAMPLE 1 1,100 result

IF result <= successPercentProb
SCORE success sample
ELSE
SCORE failure sample
END
END
PRINT sample

The ELSE command divides the IF command into two parts, the first part is executed only if the
IF test evaluates to true. The second part, after the ELSE, is executed only if the IF test evaluates
to false.This programproduces th following output (yours will diffedue totherandomnessf

the SAMPLE command

sample: (success failure success fa ilure success failure success failure
success success)

If you use the above program to generate binomial samples for success probabilities less than 1%
or for noninteger percent probabilities such as 25.5%, it will not generate accurate anSwers.
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would have to have more than just 100 numbers in the population to accommodate th®se case
For example, to be accurate to within pescent you would need to use 200 numbers.
Neverthelessas you will see shortlyhis method can be generalizedvork for ary level of
precision by usin@n infinite populationnstead of dinite sequence of integers

Continuous Distributions

Continuous Uniform Distribution

As stated earlier, a continuous distribution has an infinite number of possible values. One simple
example of a continuous distribution is the
uniform distribution, all its possible values have equabghbilities, but there are an infinite

number of possible values so the probability of any one specific number will be effectively zero.
You can imagine a die with an infinite number of sides. A continuous uniform random variable

is simulated by the UNIFORMommand irResampling Stat$lere is a program to generate a
histogram of a uniform continuous random variable between 1 and 6.

UNIFORM 100000 1 6 samples
HISTOGRAM percent binsize 0.1 samples

And here is the resulting histogram.

Frequency (%)

1 125 15 175 2 225 26 275 3 325 35 375 4 425 45 475 5 525 556 575 6
samples

Probability Density

You can seen contrasto the earlier discreet uniform distribution based on rolling a die, that
there are no gaps between the bins. That's becausésthenafinite number of numbers
between 1 and 6, not just the six integers, and each has some ohbeing selected.

The percent frequendgr any one of the binis computed as:
percent frequency = (number of samples in the hftotal number of samples) * 100
which is, by definition, the same as:
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percent frequency frobabilityof being in thighin) * 100.

Therefore, using percent on the Y scale allows you to read the Y scale as if it were a probability
expressed as a percentager example, the probability that a randomly chosen number between

1 and 6 will fall in the first bir{for any bin)is about 2%. If you wanted to know the probability

that a numbechosen randomlwould be in the first two bins, you would just add the

probabilitiesof the two binswhich means to add their bin heights. This would give you a
probability ofabout4%. More gnerally, if you wanted to calculate the probabiidgyany

interval, say between 3 and 4, you would just add the heights of all the bins in that interval. Since
for a uniform random variable they are all the same height, you can just multiply the mimber
bins, 1Q by the height, 2%, to get 20% as the probability over the interval from 3 to 4.

In this example there are fifty bins. Since the bins are all the same width and this is a uniformly
distributed variable, they each get about the same share sénhples. So the probability that a
sample will fall in a particular bin is one fiftieth (0.02 or 2%) of the probability (1.0) that it falls
within the range one to sii.you cut the birsize in half, doubling the number of bins, with

these commands,

UNFORM 100000 1 6 samples
HISTOGRAM percent binsize  0.05 samples

then the height of each bin will also be cut in half because now the probability of falling into any
one of thesmallerbins is one half ofvhat it was with the larger bins. Here is the hisaog for
this case:

Frequency (%)

1 125 15 475 2 225 25 275 3 325 35 375 4 425 45 475 5§ 525 55 575 6
zamples

As you can see, the height is now about 1.0 percent. So to calculate the probability that a
randomly selected number would fall between 3 and 4, now you must multiply 1% by 20 since
there are 20 bins between 3 and\id once again, yoget 20%.

Now, if you were to continue to shrink the bin width so that it approached zero, the bin heights
would also approach zero because each bin would hold a smaller percentage of the population.
Note that this does not happen for discrete distringtisuch as th&ix-sideddie or the binomial.
Thereforefor continuous distributions it is more commainide the height by the bin width to
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produce what i s cal |l e deraishow thdt \wobld lbok Resamiplihge n s i t y
Stats

UNIFORM 100000 1 6 samples
HISTOGRAMdensity  binsize 0.05 samples

Using thedensityk e y wor d, the histogram divides each bi
density = (number of samples in the bin) / (total number of samples) / (bin width)

or,

density =(probabilityof being in this bin) (bin width)

The graphical result of the above e programs shown next.

0.225
0.2125

1 125 15 175 2 225 25 275 3 325 35 375 4 425 45 475 5 525 55 575 6
samples

You can change the bin size in the program and notice that the bin heights will remain hovering
around 0.2 no matter what size you cho@e.also remember that the Y axis is no longer a
probability. To get the probability, you have to multiply the bin height, or density, by the bin

width. This is the area of the bin. To find the probability that a sample would fall between any

two points orthe X axis, you would sum the areas of the bins between those two points to get

the total area between the points. Conceptually, as the bin width approaches zero, the summation
of the bins between the two points approaches the integral of the denséyetween the two

points.

Why is density for this example 0.2? Because the area of the entire density curve, being a
probability, must be 1.0. And since the width is’= 5, then for the simple case of this uniform
continuous distribution, the heightust be 1.0/5 = 0.2.

The variougprobabilitydistributions are often useful in Monte Carlo simulationBelds outside
of probability and statisticBut when solvingorobability and statisticgsroblems usinghe
resampling method, theressldoma needo use the predefinggrobability distributionsunless
you happen to know that one of them characterizes your population of interest.
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A Simple Application of the Continuous Uniform Distribution

The continuous uniform distribution can be used to gensaatgples for other types of

distributions, even discrete onés.our earlier discussion of the discrete binomial distribution |
developed a short program that generated samples from such a distribution. The program worked
by choosing samples from the seque of integers between 1 and 100. Thethod had the

limitation that it would only work for integer values of percent probabilities. But now that we

know about the UNIFORM command, we can usesdn infinitenumber ofinteger and non
integervalues toovercome thalimitation. Now, instead of choosing from 100 integers, we will

be choosingny numbefrom theinterval betwee® and 100. Here is the program modified to

use the UNIFORM command.

'Program to select a given number of samples from

'‘a binomi  al distribution with a given percent  probability
'of success.

ENUMsuccess failure

COPY 60 successPercentProb

COPY 10 sampleSize

REPEAT sampleSize
UNIFORM 1 0 100 result

IF result <= successPercentProb
SCORE success sample
ELSE
SCOHE failure sample
END
END
PRINT sample

This program uses tlentinuousuniform distribution to generate a number between 0 and 100.
The number will most likely not be an integer. If the number is less than or equal to the
successPercentProb  , then thats scored as auccess ; otherwise it is scored adalure . It
repeats this selection as many times as needed to get the reqmised of samplesEach

samples appended by SCORE to tenple vector. When th@rogramcompletessample will
contain the@andom selection dheenumssuccess andfailure

Introducing Subroutines

Since computations like these might be needed more or less frequently, it would be convenient if
there were a way to package them as a command so that you only need one lthe toldide

job. The way to package a set of commands is to put them in a subroutine. A subroutine is like a
short program that can be invoked by another program. A subroutine is declared using the
NEWCMD command, which gives the subroutine a name antl @ Esgument names. You

invoke a subroutine by using its name as a command in exactly the same way you inveke built
commands.

So 1611 revise the above program to make it
binomial casea n d w h i i, ewill mékmit use actual probability numbers (i.e., between 0
and 1) instead of percent probabilities
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'Subroutine to select a given number of samples from
'a binomial distribution with a given probability
'of success.
ENUMsuccess failure
GLOBAL success failure
NEWCMD BINOMIALSAMPLE sampleSize successProb sample
CLEAR sample
REPEAT sampleSize
UNIFORM 1 0 1 result
IF result <= successProb
SCORE success sample
ELSE
SCORE failure sample
END
END
END

The NEWCMD command introduces the subroutine. Its first argument, BINOMIALSAMPLE,

is the name to be given to the subroutine. Following the subroutine name are three arguments
that are anal ogous to command argumewhers. They
the subroutine is later invoked, these arguments will be replaced with your actual arguments that
may have different name&ll the commands between the NEWCMD and the final END

command constitute the subroutine.

The GLOBAL command makes the condsasuccess andfailure  visible within the
subroutine. | t i s needed because subroutines

of them.

The CLEAR command is necessary to avoid appending the results of the current invocation of
BINOMIALSAMPL E to leftover results of previous invocations if the subroutiaee to be
invoked more than once in the same program.

Youodll notice that | changed the | imits on th
and 1 0 Othe charnge thad reakessib youcan use actual probability numbers instead of
percentages for the success probability.

Now you can create samples from a binomial distribution with one comfand:
BINOMIALSAMPLE 10 0.5 sample

This command produces a result that looks like this wheple is printed:
sample: (success success success failure success ... success failure)

If you want to see a histogram of this binomial distribution with success probability of 0.5, you
can generate a large number of trials like this:

“The Statistics101nstallation directory contains a folder calliiu that contains this subroutine in a file called

Abi nomi al Commands. txto. There is another file in the s
provides commands (subroutines) that use this method to implement the general MULTINOMIAL distribution of

which the binomial distribution is gecial case. You might find it instructive to examine those subroutines.
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COPY 10000 numberOfTrials

REPEAT numberOfTrials
BINOMIALSAMPLE 10 0.5 sample '<== This line invokes the subroutine
COUNT sample = success successCount
SCORE successCount NumberOfSuccesses

END

HISTOGRAM binsize 0.1 percent NumberOfSuccesses
Here is the result of the abopeogram:

2398

22.54
21.254
204
18.754
17 .54
16,25
154
13.75+
12.54
11.25+
104
.75+
7.5+
525
5
2.754
2.5+
1.25
a_ | 1
SR M M
] 1 2 3 g 4] 5] 7 g o] 10
0.5 1.5 2.5 3.5 4.5 5.5 6.5 75 2.5 a5 10.5
HumberdfSuccesses

Frequency (%)

If you now wanted to compute the probability of, say, exactly four successes out of the 10
samples, you could do it with this:

COUNT NumberOfSuccesses = 4 trialsWith4Successes
LET probability = trialsWith4Successes / numberOfTrials
PRINT probability

To get an answer of:
probability: 0.22

This last result can be computed mathematically without simulation by using thabuilt
BINOMIALPROB command:

BINOMIALPROB 10 0.5 4 probability
PRINT probability

Yielding a more precise answer:
probabilit y: 0.205078125

There is a lot more to learn about subroutaegou will see in the second part of this bdnk,
what we have just covered is sufficient for you to understand any of the other uses of subroutines
in this part.
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Normal Distribution

In thissection we discuss the Normal distribution from the viewpoint of simulation and
Statistics101You are probably familiar withthebedlh aped FfAnor mal 6 or A Gaus
normal distribution is a continuous distribution, which means, roughly, thaintem variable

has an unlimited number of values. You have probably used tables to determine probabilities
from the normal <curve. I f s o, -sycoour ehsaocd hteoc asut saen
table can only represent one pair of mean and stdmigsiation. Sinc&tatistics101s primarily

a simulation system, how can you use simulation to determine probabilities of ranges of events

on the normal curve? IBtatistics10the NORMAL command fills a vector with a chosen

number of @Ar a mvkdfrom amoumal distribiondvith a given mean and

standard deviation. You can see this with the following two commands, the first of which

generates a large number of numbers drawn from a standardized (mean = 0, standard deviation =

1) normal distribtion, and the second then creates a histogram of those numbers.

NORMAL 100000 0 1 samples
HISTOGRAM percent binsize 0.1 samples

The above two line program outputs this histogram:

4.25 |
Fal

3745
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=

275
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hoth
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5 45 4 35 -3 25 2 15 -1 058 0 05 1 1458 2 028 3 325 4 45 5
zamples

This should look familiar. Now, if you wanted to know what the probabsithat a number
drawn from that standard distribution is within one standard deviation of the mean, here is all
you need to do (repeating the above two command lines for completeness):

COPY 100000 numberOfSamples

NORMAL numberOfSamples 0 1 samples

COUNT samples between -1 1 samplesinRange

LET probability = samplesinRange / numberOfSamples
PRINT probability

Which as expected produces the familiar probability,
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probability: 0.68352

It is not necessary to use a standardized normal curve. If you know thaheganrs 100 and

your standard deviation is 10, and you wanted to know what the probability is of values from that
di stribution being between 75 and 90, hereds
COPY 10000 numberOfSamples

NORMAL numberOfSampl es 100 10 samples

COUNT samples between 75 90 samplesinRange

LET probability = samplesinRange / numberOfSamples
PRINT probability

This yielded the following answer:
probability: 0.1536

If you wanted to know the probability that the values are in the ltailaxp through 75, you
only need change the COUNT command to this:

COUNT samples <= 75 samplesinRange

Or to compute the probability that a number will be in the upper tail, say 90 and above, you
would change it to this:

COUNT samples >= 90 samplesinRange

Here i s a subroutine to compute the probabil:i
a given rangeising the technique shown in the above examples
NEWCMD NORMALHRANGE mean stdDev lowLimit highLimit prob

COPY 10000 numberOfSamples

NORMALnumberOfSamples mean stdDev samples

COUNT samples between lowLimit highLimit samplesinRange

LET prob= samplesinRange / numberOfSamples
END

This lets you perform the same computation as before, but using the subroutine, it takes only one
line, like this:

NORMALPR_RANGEDO 10 75 90 probability

PRINT probability

You can write the other two subroutinesiggested names, NORMALPR_LOWERTAIL and
NORMALPR_UPPERTAIL) using thdifferent COUNT commands as an exertise

Sampling Distribution of a Statistic

Suppose that you take a random sample from a
would expect, since the sample did not include every member of the population, that the mean
you calcul ated woul d di f fwrepeatedlytook dadditenalp op ul at i
samples of the same size from the population and calculated their yoeiansuld find that

some samples would have means that were below the population mean and some would have
means that were above it. If you thanttedall thosesamplemeans on a histogram you would

have a graph that i1illustrates the Asampling d
meanso. Herebs a program that performs those

®You can use the builn NORMALPROB command to precisely compute Normal probabilities.
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COPY 70 minValue 'lower limit of uniform distribution
COFr 130 maxValue 'upper limit of uniform distribution
COPY 10 sampleSize

COPY 10000 populationSize

COPY 10000 repeatCount

UNIFORM populationSize minValue maxValue populationData 'The original

population

REPEAT repeatCount
SAMPLE sampleSize populationDa ta sampleData 'One sample from original pop
MEAN sampleData dataMean 'Mean of sample
SCORE dataMean distributionOfMeans

END

HISTOGRAM percent binsize 1 populationData distributionOfMeans

The program starts by creating a populatioat has a uniform distribution of values between 70

and 130, which makes the population mean 100. These numbers were chosen arbitrarily, just for
the sake of this example. Next, the program repeatedly takes samples of size 10 from that
population, comptes the mean, and accumulates the means in the vector

distributionOfMeans . Finally, it displays a histogram like this one:
+.8] Legend
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The gray bars are the histogram of the population. The red bars are the histogram of the means of
all the samples of size ten. Yoan see that the center of the distribution of the means is very

close to 100 as you would expect. You can also see that this distribution of the means looks

much like a normal distribution. In fact, it becomes more and more like a normal distribution as

the sample size is increased, per the Central Limit theorem.

The chart tells you that if you take a sample of ten from this population, the mean of the sample
can vary from about 81 to about 122. I f you d
sanple of 10 to estimate it, then you might get an estimate that is inaccurate by as much as 22

(l.e., 22 =122 100). Most of the time the estimate will be much closer to the correct value, but

you would never know on the basis of one sample of ten howlflaat s ampl eds mean
the correct value. | will discuss this issue further in the se@afidence Intervals
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You can use a similar process to generate the sampling distribution of any statistic, not just the
mean. An easy statistic to try is thedian just substituté/EDIAN for MEAN in the above
program and change the name of the scoring variabledispihutionOfMeans (two places)

to distributionOf Median ofr, to be more generalistributionOfStatistic . This method
(resampling) of generating the sampling distribution of a statistic can be used for a statistic of
any complexity, and is especially usefith statistics whose sampling distributiomsve no

closed mathematical or tabulated formulation.

You can experiment with the program by varying the sample size. You will find that a larger
sample will lead to a narrower distribution of the means. That is, the distribution of the means for
a larger sample will have a smaller standard deviation.

Here'sa modification of the above program that will produce distributions for three different
sample sizes, using a subroutine. The program plots all three distributions on the same histogram
S0 you can visually compare the results.

'‘Subroutine to compute a ve ctor containing the means of 10000 samples
'of size sampleSize taken from the given population data.
NEWCMD MEANDISTRIBUTION populationData sampleSize distributionOfMeans
LET repeatCount = 10000
REPEAT repeatCount
SAMPLE sampleSize populationDa ta sampleData
MEAN sampleData dataMean
SCORE dataMean distributionOfMeans
END
END

COPY 70 minValue 'lower limit of uniform distribution

COPY 130 maxValue 'upper limit of uniform distribution

COPY 10000 populationSize

UNIFORM populationSize minValue maxValue populationData 'The original
population

MEANDISTRIBUTION populationData 5 distribution05 'sample size = 5

MEANDISTRIBUTION populationData 20 distribution20 'sample size = 20

MEANDISTRIBUTION populationData 40 distribution40 'sample size = 40

HISTOGRAM percent binsize 1 populationData distribution05 \
distribution20 distribution40

Here is the histogram resulting from one run of the above program. You can clearly see that a
larger sample size leads to a narrower distribution of #enm
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Legend
populationData
distributionds

distribution20
distribution40

Frequency (%)
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Knowing or simulatingthe sampling distribution of a statistic is what allows you to estimate
confidence intervals and to estimate probabil
intervals and hypothesis tests later in the sectiatisthose names.

Statistics Examples

In statistics problems, you know the sample; you want to use your knowledge of the sample to
tell you something about the population. Typical examples from real life are theamsireg
political polls, or thdelevision ratings measurements.

I n the probl ems we0ve -definedipepdlatiantfronswhichfwatogk we h a
random samples in a walefined way, scoring the samples on whether they satisfied our success
criterion and averaging the resuibsget a probability. But what if all you had was a single

sample and you wanted to know something about the unknown population that it came from?

What if someone presented you with a card deck and you drew two cards at random and found
thattheywerease? Woul d you be able to conclude that
not be a poker deck? What if you flipped a coin four times and came up with three heads. Could

you say that the coin is not fair?

It should be clear from a thoughtful consideratn of t he above questions
necessarily give you any certainty about the nature of the population. The same sample could
have come from many different populations.

Would it be in error to conclude, for example, having thrown thredsheat of four, one time,

that the coin is unbalanced? You saw above that even if the coin is falgustieof the time

you wi || throw three heads out of four. So yo
probability is really not very lowso the fact that | threw three out of four heads this time is not

too surprising, even if the coin is fair. Therefore, | cannot conclude that the coin is unfair. Of
course | canod6t conclude for cert ai urprisettlyt t he
either possibility based on this sample and the associated probabilities. If | want more certainty, |
would need a bigger sample, one for which the probability of coming from a fair coin is either

very high or very low, depending on which prem(fair or unfair) | want to test. How big

should that sample be?0
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The Sample versus the Population

The reason that any statistical sampling technique works is thatiamsample of a population
shares characteristics with the population. Statisticahigues take advantage of those
similarities. Here are some examples that illustrate the similarities. First is a sample from a
uniform distribution:

UNIFORM 10000 70 130 uniformPopulation
SAMPLE 30 uniformPopulation sample
HISTOGRAM percent binsize 1 un iformPopulation sample

o8] Legend
Eg— uniformPopulation

5 sample
7.5

Fo I 74 | Fg 182 [86 190 [ 94 | 93 1102 1105 1110 [ 114 1118 1122 | 126130
Tz 76 80 B4 88 9z 495 4100 4104 108 112 1416 120 124 128
uniformPaopulation

You can see that the histogram of the population (in gray) is evenly distributed, as a uniform
distribution should be, and the sample (in red) is also fairly evenly distributed over the
population as expected. There are a few sarnpis that are higher than the others, but even
those higher bins are fairly evenly distributed and would tend to balance out if you were to
calculate, say, a mean from the sample.

As another example, look at a beta distribution. The beta distributiooh s implemented as a
subroutinejs nonsymmetrical:

INCLUDE "lib/BetaDistribution.txt"

BETA 10000 70 130 3 10 betaPopulation

SAMPLE 30 betaPopulation sample

HISTOGRAM percent binsize 1 betaPopulation sample
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Legend
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Again, you can see that the sample isrdigted similarly to that of the original population. And
finally, for a normal distribution:
NORMAL 10000 100 10 normalPopulation

SAMPLE 30 normalPopulation sample
HISTOGRAM percent binsize 2 normalPopulation sample

e i Legend
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Once again, theandomsampler e s embl es shape of the popul ati ol
resemblance will never be perfect, and as you would expect, it will vary from sample to sample.
The larger the sample, the better it will resemble the population from which it is drawn.

Bias

A sample tlat is not random is called a biased sample. The above examples make clear that a
random sample is a fair representation of the population because each member of the population
has an equal chance of being selediedny honest statistical study, muchoeffis spent on

ensuring that the sample will be unbiased. If it is impossible to obtain an unbiased sample, then
the study must discussd explairthe effect that the bias may have on the results, and the
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limitations on the conclusions because of the.bldnere are many sources of bidere are a
few commoncategories of bias

Selection biass the result of an improper method of choosarsgmple. An Internet survey will

be inherently biased because the responders choose themselves and are ntosbékalyse

who are more strongly motivated one way or another about the subject than the population at
large.

Survivor biags the result ofampling onlythe survivors of a population to represent the whole
population. For example, a study of the averagdormance of mutual fund companies over

time will usually exclude those mutual funds that went out of business during that time. This
biases the result to make it look like the overall performance was better than it actually was.

Reporting biass the esult of the fact that popular magazines and even scientific journals will

tend to report surprising or unexpectednly positiveresults. If twenty studies were done to

determine the effects of blueberries on skin cancer and 19 of the studies showed no

improvement, but one showed improvement, then it is very likely that the one anomalous study

will be published in the scientific press and hyped in the popular press, while the others will be
ignored. With the 5% level of significance that is used mogugstly for studies, 1 out of 20
repetitions of a study wil/ be anomal ous just

Data mining biags the result of ranalyzing the data to find unanticipated correlations. For
example, analyzing a giveset of stock market data for different patterns of price movement,
you might find that one particular pattern of price movement, if traded a certain way, gives
remarkable profits. But although the pattern might work for the given data, it would be naive to
believe that it will work on future movements.

A good book for the general readehich discusses the pervasivenesmany kinds obias in
published studies, M/rong: Why experts keep failing 4and how to know when not to trust
themby David H. Freedm@n. The book has no mathematcglwill open your eyes to the
weakness of many of éhstudies that areported in the press and act as a warning for your own
statistical investigations.

The Bootstrap

The reason we take samples in the real world is because we want to know something about the
population even though we cannot survey theepbpulation because of cost, accessibility, or

some other reasoAs we have just seen,randonsample is representative of the populatsm,

if the population is otherwise unknown, what would happen if we turn our logic around and say

that the samples the population? That is, what if we replicate our sample millions of times to
construct an artificial population from which we can draw new sesipistead of drawing the

sample from the population, weuld bedrawing the population from the sampléhis sounds

like getting something for nothing, likeagic or like lifting yourself by pulling on your
bootstraps. | 't 6s Mmios siudea i taes theere froamed hiatt h &

A commonuse for the bootstrap is to compute the distribution of a statistic such as the mean.
This is done as followsStarting with your randomly sampled data series, you repeatedly create a
new fAboot s ofthasame sigas thepotigsnal sample by randomly drawing values,

with replacementfrom your originalsampledata.Sampling with replacement is equivalent to
sampling from an infinite number of copies of each member of the safagpleach of these new
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bootstrap samples, you comptite desired statistic (such as mean, median, standard deviation,
or any other) and save it in a vector, which upon completion of the desired number of repetitions,
will contain an empirical estimate of the sampling distidoubf that statistic.

To see how this works, suppose you took a sample from a population whose mean you wanted to
know and then used the bootstrap method to generate a distribution of theTimeamason for
being interested in the distribution of theaneor the distribution of any other statistic is that the

di stribution is needed to evaluate fAhypothesi

discussedlateFor t hi s example, wedll take a sampl e
d o n Gowv anktimng about the population.

UNIFORM 10000 70 130 unknownPopulation  'The "unknown" population
SAMPLE 30 unknownPopulation originalSample 'Take the sample
REPEAT 10000
SAMPLE 20 originalSample bootstrapSample 'Resample to get bootstrap sample
MEAN bootstrapSample bootstrapSampleMean 'Compute the desired statistic
SCORE bootstrapSampleMean bootstrapDistribution 'Save statistic in vector
END
HISTOGRAM percent binsize 1 unknownPopulation bootstrapDistribution
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Notice that the actual mean of the population is d@@hat the center of the bootstrap

distribution is slightly lower. That is because the distribution was generated from a single

original sample whose mean was not exactly that of the population. Id Wweware that any

sampl eds mean would be exactly the same as i
it would be radically different. That is what the distribution of the means tells us: the variation
from the popul at itonedxsp encetani nt haats avep Inmeidgsh me an .

The traditional way to generate the distribution of means is to calculate the mean and standard
deviation of the sample, use those as characterizing a normal curve that is then taken as the
population. Then, the mathematicabperties of the normal curve are used to derive the
distribution of the means.

The next program will compare the results of the bootstrap method and the traditional, or
Afparametrico met hod:
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sampleSize = 20

UNIFORM 10000 70 130 population "The "unknown" population
SAMPLE 30 population originalSample ‘Take the sample

MEAN originalSample originalMean 'Find the sample's mean
STDEV originalSample originalStdDev 'Find its standard deviation

'Create a normal population from the sample's mean and Std Dev:
NORMAL 10000 originalMean originalStdDev parametricPopulation
‘Take samples from both populations and save all the means
REPEAT 10000

SAMPLE sampleSize originalSample bootstrapSample

MEAN bootstrapSample bootstrapSampleMean

SCORE bootstrapSampleMe an bootstrapDistribution

SAMPLE sampleSize parametricPopulation parametricSample
MEAN parametricSample parametricSampleMean
SCORE parametricSampleMean parametricDistribution
END
HISTOGRAM percent binsize 1 population bootstrapDistribution \
par ametricDistribution
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You can see that the two methods give very similar results. Note also that the two methods differ
only in the way the artificial population was generated. The parametric method used the mean

and standard deviation of the samplgénerate a population based on a normal distribution and

then sampled that population to generate the distribution of means. The assumption of a normal

di stribution is false in this case, but as yo
metod used the actual data of the sample to generate the population, without making any
assumptions as to the shape of the popul ation
normally not be completed by simulation as shown here. Instead, further mathéstaps

would be taken, such as using Studentds t di s
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Since you wi |l most often use bootstrapping t
subroutine that will do the worlhis subroutine is included in the libraief
A/l i b/ bootstrapCommands. txto along with two o

deviation to obtain their respective sampling distributidftal can see an exampleageof
BOOTSTRAPMEANIN the next section.

' BOOTSTRAPMEAN resamples a vec  tor containing sample data
' computing the mean a given number of times to produce a
" distribution of the means.
' Inputs:
' sampleData: the random sample taken from the population.
numberOfMeans: the number of resampled means to be computed.
'Ou tput:
distributionOfMeans: vector containing all the means that were
calculated from resamples of the sampleData vector.
NEWCMD BOOTSTRAPMEAN sampleData numberOfMeans distributionOfMeans
CLEAR distributionOfMeans
SIZE sampleData sampleSi ze
REPEAT numberOfMeans
SAMPLE sampleSize sampleData bootSample
MEAN bootSample bootSampleMean
SCORE bootSampleMean distributionOfMeans
END
END

However strange fAbootstrappingo may pstiogend, it
mean and a standard deviation from a sample and using those to draw conclusions about an
otherwise unknown population. Both are characterizing the unknown population based on the
sample. One important difference is that bootstrapping from a saogdenot make the

assumption that the population is normal, which the parametric approach does.

Question for discussion:

A sampling distribution of the means generated by bootstrap from a sample has the limitation
that the lowest possible value of the mean is equal to the lowest value of the sample and the
highest value of the mean is equal to the highest value in the s@ymentrast, the ideal
distribution of means is a normal distribution that has plus and minus infinity as its extremes. Is
this difference a practical problem with theotstrapmethod?

Ne x t , shawehéw td use the bootstrap to deterncmefidence itervals andollowing that,
how to use it to performypothesis tests. Aonfidence intervak used to answer a question
about the accuracy of a parameter of the population based upon sample evide/m#hAsis
testis used to discover how likely or likely it is for a particular sample to hageme by
chance from a particular populatibn

Confidence Intervals

Given a population and a sample size, the distribution of the mean describes the probability that
a sample mean will be a certain distance ftbenpopulation mean. A confidence interval goes
in the reverse direction: given a sample, it estimates the probability that the mean (or any other

® After Simon,Resampling: The New Statistigmge 298.
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chosen parameter) of the unknown population from which the sample came will be within a
certain distancefromhe sampl eds mean (or other statistic

As mentioned earlieswvhenyoutakea s ampl e, the sampleds mean wi
approxi mati on of .Itybueverpulpaky ay ad worn Osan mighleed s m
guite a bit off tybuevanptofmad theaistiibationbiosthemeaanto get&uw
idea as to how far off your estimate mightbeet 6 s demonstrate what happ
unlucky, that is, you happened unknowingly to get a sample that is quite far from the population
mean. The nd program starts off with a sample that was taken from a uniform distribution of

integers between 70 and 130. The sampl eds mea
100.

COPY 70,130 unknownPopulation

DATA (87.0 104.0 76.0 97.0 127.0 81.0 74.0 81.0 82.0 88.0) sampleData

MEAN sampleData sampleDataMean

PRINT sampleDataMean

BOOTSTRAPMEAN sampleData 10000 distributionOfMeans
HISTOGRAM percent binsize 1 unknownPopulation distributionOfMeans

The program uses tiBOOTSTRAPMEANSsubroutine given earlier to determine the

distribution of meangRemember to copy the subroutine into your program prior to invoking it.)
You can see in the following histogram that the distributiarergered around 90 and that the
original population is centered on 100. Since the mean of a sample will only rarely be exactly
equal to that of the population, we would like to have some way of measuring how far off our
estimate of the population mean imidpe. That measure is the confidence interval.

8'3— Legend
7.5 unknownPopulation

disttibutionOfMleans

Fol74 lFe gz [26 190 194 [ 92 1102 1106 1110 1114 1118 1122 1126 [ 130
72 76 80O B84 83 92 495 100 104 108 112 G 120 124 128132
unknownPopulation

A sample mean is as likely to be above the population mean as it is to be below it. We want to
define an interval around our sample mean, that we can be sure would include the population
mean. A typical psbability used to define a confidence interval is 0.95 or 95%. Therefore, in this
example, we need to find the upper and lower values along the X axis between which would be
found 95 percent of the sample means, which is the same as 95 percent of théharea
distribution, centered on the sample mean. Rather than using tables, we can use the
PERCENTILE command to find those upper and lower limits. Since we want the interval to
enclose the middle 95 percent, that leaves 5 percent for the upper anddcweee portions of
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the distribution. Dividing that in half gives 2.5 percent for each excluded portion. Therefore,
webll ask for the 2-25)tpbrceatiesd t he 97.5th (i.e.,

PERCENTILE distributionOfMeans (2.5 97.5) confidencelnterval
PRINT con fidencelnterval

With the result being:

confidencelnterval: (81.3 100.1)

That means t hat fwe estimate that therebds a 9
bet ween 81.3 and 100.1.0 You can see that i n

This next example is taken frotatistics the Easy Wény Douglas Downing and Jeffrey Clark,

pagel88: Randomly select 20 counties in the United States and record their populations. Use that
sample to estimate, within a 95% confidence interval, the mgawigimn for all counties in the

US. Here, a 95% confidence interval would be the range of county populations that would have a
0.95 probability of containing the mean value
meani ngs of 0pop uvelcaunt of people inhaecoumrty anddhe ether isthet h

statistical population, which in this case is the set of counties.

Leaving out the county names, here are the populations of 20 counties randomly selected from
the 1990 census (the mean of these numb&&, /91):

30083 152585 50917 300836
98928 6179 93145 32273
460 16754 26147 14194
11355 76779 7129 7021
32343 352910 51150 14632

He r eResamp@ing Stagsrogram that uses the bootstrap technique to answer the question. You

can cut and paste this inktatistics10Xnd run it| used the DATA command, which is a

synonym for the COPY command, to emphasize thaidireySample vect or 1 s the pr
inputdata. | could have used tBOOTSTRAPMEANsubroutine to do the work that is being

done in the REPEAT loop, but | chose not to so that all the details of the process would be

visible.

DATA (30083 152585 50917 300836 98928 6179 93145 32273 460 16754 \
26147 14194 11355 76779 7129 7021 32343 352910 51150 14632) countySample
REPEAT 10000
SAMPLE 20 countySample newSample
MEAN newSample newSampleMean
SCORE newSampleMean means
END
HISTOGRAM percent binsize 5000 means
PERCENTILE means (2.5 97.5) confidencelnterval
PRINT confidencelnterval

The program repeatedly takes 20 random samples, with replacement, from the initial bootstrap
sample, computes the mean, and saves the mean in a vector. After the final pgbstiiero

loop, the vectomeans contains the 10000 means from the 10000 samples of 20 values from the
bootstrap sampleountySample . That vector comprises the distribution of the sample means,
which is made visible by the HISTOGRAM command, and looks hiee t
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10,000 30,000 50,000 70,000 Q0,000 110,000 120,000 150,000
20,000 40,000 60,000 20,000 100,000 120,000 140,000 160,000

There is a lot of variation among these means and somewhere in the range of that variation is the
mean of the unknown population. The program computes the values for'thee8ntile and

the 97.8' percentile. That is the range within which oa® expect, with a 95% probability to

find the mean of the population from which the sample was drawn.

Here are the results of two runs of the program (without the histograms):

confidencelnterval: (32255.85 115508.85)
confidencelnterval: (32108.375 114477 .125)

The interval that Downing and Clark computed using {tlistribution technique was (23505.8
114076.2). The bootstrap answer gave a slightly narrower interval. The total number of counties
and the total population of the US are known, so you camlfctialculate the mean population

for the counties. For the census from which the data were taken there were 248,709,873 people
divided by 3,135 counties (including independent cities). Therefore the mean is 79,333.

Downi ng and CIl ar kainglifiiculty heretisdhatgha dgistribufioh bf eoumnty

populations does not follow a normal distribution. There are a few very large counties that raise

the overall population average, but there is a very good chance that none of the large counties

will appear in a [random] sample of this size. A larger sample would make the distribution of the
sample average be closer to a normal distribution (according to the central limit theorem) and it
would all ow you to obtai n a eboatstrapappeoach makesf i d e n
no assumption of normality but thelistribution method does, it is not surprising that there is

some difference between the two answers.

Here is another examptd computing confidence interval& poll was taken before an et&on

in which three politicians were competing. The sample size was 400. The result was that 10
percent of those polled favored politician A, 40 percent favored politician B, and the rest favored
politician C. What are the 95 percent confidence interffealthe results for each politician?

For the solution to this you would construct a population that has the stated percehtages
partisans for each politiciathen repeatedly take 400 samghesn that populationvhile

recording the percentages that @@pin each sampl&his process will estimate the sampling
distribution of the statistic of interest, the percentage support for each politician. The sampling
distributions are then analyzed to find the confidence interVaks following program will sale

the problem.
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ENUMpolA polB polC
'Construct a population model based on the sample results:
COPY 10#polA 40#polB 50#PolC population

COPY 10000 repeatCount
COPY 400 sampleSize
REPEAT repeatCount
SAMPLE sampleSize population sample
COUNT sample = polA polACount
COUNT sample = polB polBCount
COUNT sample = polC polCCount
polAPercent = polACount / sampleSize * 100
polBPercent = polBCount / sampleSize * 100
polCPercent = polCCount / sampleSize * 100
SCORE polAPercen t polAScore
SCORE polBPercent polBScore
SCORE polCPercent polCScore
END
PERCENTILE polAScore (2.5 97.5) polAConfidence
PERCENTILE polBScore (2.5 97.5) polBConfidence
PERCENTILE polCScore (2.5 97.5) polCConfidence
HISTOGRAM percent binsize 1 ™"Perce nt support " polAScore polBScore \
polCScore
PRINT sampleSize polAConfidence polBConfidence polCConfidence

Running this produakthe followingconfidence intervals...

polAConfidence: (7.25 13.0)
polBConfidence: (35.375 45.0)
polCConfidence: (45.25 54.75)

...and the following histogram:

25481 Legend
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Question for discussion:

Note the interesting fact that the confidence interval for the politician with the lowest following
is narrowerthan the others. Why is that the case?

Readhttp://www.resample.com/content/text/@hap22.pdffor an explanation.

Summarizing, the way to find a confidence interval given a set of sample data-satopie the
original sample dat with replacement, as if it were the population. Your resampling sample size
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Sshould be the same size as the original sa
you are interested in from the new sample. In the previous examples, the measwasthe
meanor a percentagdut it can be any measurement that is appropriate to the problem you are

mp |

analyzing. Then record the measurement in a scoring vector using the SCORE command. Repeat

the resampling, the measurement, and the recording oféhsurement some large number of
times. Finally, use the PERCENTILE command to determine the limits of your confidence
interval.

Hypothesis Testing

Il n hypothesis testing, you take a question
A uni v eomsvkich ¢he doin might have come. A coin can be unfair in many ways, but fair

in only one. So you could guess that the coin has unfair odds of 3:2 or 3:4, etc, and choose one of

those as a fAbenchmar ko or #@Anul | daveagopefomit s i
But there is no particular reason to choose one over another of these. And if you did choose on
of them, say 3:2, and concluded that our sample had a very low probability of coming from that

uni verse, you st il tiondf ehetbenthd coirmisfairnweu wack to choase (
a unique universe in which membership or-noembership of our sample will answer the
fairness question. By Aimembershipo | mean

s t
e

ues

t ha

have come fromtheco s en uni v-emesmbpepr bhi pooh mean there i

probability that the sample could have come from the universe. The question of fairness can be

most easily determined by choosing a #fAfair
and seeing whether our sample is likely to have come from such a universe. If not, then you
know the coin is unfair, you just dono6t kn
probably fair.

0,

ow

C

-

The above reasoning is an informal example of theadea ihypot hesi s t esti ngo

the process of hypothesis testing follows this pattern:

1. Choose a firesearch hypothesiso that states
AThe coin is wunfairo.) Thi gnple@mefremssieht i al | vy
andsuch a universe (in this case an unspecif

2. Derive the fAnul | hypot hesi so or fAbenchmar k
actually test. The null hypothesis is derived from the research hypothesis bymegatio
(e.g., AThe coin is fairo.)

3. Decide on a probability or a range of probabilities outside which you will consider the
nul I hypothesis to be rejected. (e.g.,

4. Test the null hypothesis using appropriate means. This test id¢h&atan of the
probability that the sample could have come from the universe of the null hypothesis

95

based on some statistic. The statistic used should be chosen carefully. Common statistics

are the sample mean, the variance, the sum of squared deviatidrso forth. Each

statistic has a probability distribution called its sampling distribution. You find where
your sample falls on that distribution to calculate the probability that the sample satisfies
the null hypothesis. Traditionally, you would se¢ladormula or a table to obtain the
answer. Which formula, which table? That might not be evident in a particular case,
especially to a beginner. I n this paper
resampling method to solve all the problems weoanter.
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5. If the probability that the sample could have come from the null hypothesis universe is
outside the preletermined region of acceptance, you would conclude that the null
hypothesis is rejected. If the null hypothesis is rejected, you can sdlyghasearch
hypot hesis is fAsupportedo (you cané6t say i
in truth is that #Aif the research hypothes

6. If the sample could have come from the benchmark univessegdon your range of
acceptance, then the null hypothesis is not rejected and the research hypothesis is
rejected.

The hypothesis test resembles a proof by contradiction. You make an assumption, the null

hypot hesis (Athe sampmlcee damd of riam &a ofnail ru sa minn
of trials a sample similar to our original sample occurred only X percent of the time, which is

very |l owo) and find that the conclusion contr
assumption. Sincéaé research hypothesis was the opposite of the assumption you rejected, you
consider the research hypothesis to have been supported. The hypothesis test is really not a

proof, however. It is mora plausibility argumerthat the research hypothesis is d@ali

Letbébs return to our example of the unfair coi
seven heads. Is the coin fa¥@ur research hypothesis is that the coin is unfair. Therefore, the
null hypothesis, which is the opposite of the researchthgsis, and which you are hoping to
contradict, ighat the coin is fair. You then choose a probability criterion which you consider so
low that if the computed probability were equal to or less than the criterion then it would be
reasonable to say thiet sample could not have come from the benchmark universe. Say you
choose 0.05. Then you would determine the probability of seven heads out of ten throws from
that universe and compare it to your criterion. HereResampling Stafgrogram to perform

that calculation.

ENUMheads tails

COPY (heads tails) coin

COPY 10000 numberOfTrials

REPEAT numberOfTrials
SAMPLE 10 coin tenFlips

COUNT tenFlips = heads headCount
SCORE headCount result
END
COUNT result = 7 successes
LET probability = successes / numberOfTrials

PRINT probability

The result comes in around 0.12. Since this is greater than your criterion of 0.05, you must
conclude that seven heads out of ten is not sufficiently unusual for a fair coin, so you cannot
reject the null hypothesis.

Hereis another examplef hypothesis testinghis onetaken fromCliffsQuickReview Statistics

p. 80, example FiA professor wants to know if her introductory statistics class has a good grasp

of basic math. Six students are chosen at random from theanlhggven a math proficiency

test. The professor wants the class to be able to score at least 70 on the test. The six students get
scores of 62 92 75 68 83 95. Can the professor be at least 90 percent certain that the mean score
for the class on the tesowld be at least 7@ he null hypothesis would therefore be: mean

score < 70The book solves the problem using the t distribution. Instead, we solve it using the
bootstrap:
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DATA (62 92 75 68 83 95) scores
COPY 10000 numTrials
COPY 0 successCount ‘Establish a counter
REPEAT numTrials
SAMPLE 6 scores sample "Take a bootstrap sample
MEAN sample sampleMean '‘Compute the desired statistic

IF sampleMean < 70 'Count it if it satisfies null hypothesis
successCount = successCount + 1
END
END

LET probability = successCount / numTrials 'Compute probability of success
PRINT probability

The result of running this was
probability: 0.0304

That number is the probability of the null hypothesis, which is less than 1tpérberefore,
the professor can be at least 90 percent certain that the class score would be at least 70.

Herebds a more complicated example using resam
is taken fromStatistics the Easy Wdny Douglas Downingind Jeffrey Clark, (Chapter 18

exercise 5, page 223). Suppose four new pesticides are being tested in a laboratory, with the

results shown in the following tablealled acontingencyable Is pesticide 1 significantly better

than the rest?

Type 1 Type?2 Type 3 Type 4 Total
Insects 139 100 73 08 410
killed
Insects 15 50 80 47 192
surviving
Total tested 154 150 153 145 602

Foll owing the six steps |isted earlier, you d
significantly better than the rest. o The nul |l
no better than the rebtab Franemanhtit pngyobhagetop
type 1 pesticide come from the same popul atio
the 5% level of significance for traditional reasons. Now, you need to decide on a statistic to use

to compare diffeent test results with one another. (This would normally be done with the chi

square test, which can also be don8tatistics10ls will be demonstrated later. But just to

show thatthecks quar e statistic I s not a@nbfest.)®Ondtest al t er
that comes immediately to mind is to compare the ratio of survivors to total tested (in each

sample) for the best and the worst pesticide. Using the ratios removes the influence of differing
sample sizes, although here the sampleslawery close to the same size. tBetest becomes

Awhat i s the probability that the best and wo
benchmark population would by chance have a survival rate that differs by (418454 =

0. 227) oext, yownead oaefitd the benchmark population. The benchmark is that

Aout of 602 tested, 192 survivedo. So you def
survivors and 410 fatalities.

a7



Solving Probability and Statistics Problemih Statistics101

Heredbs the simulation:

COPY 0.227 testRatioDifference
COPY 1000 numberOfTrials
ENUMdied survived
DATA 410#died 192#survived nullPopulation
REPEAT numberOfTrials
SAMPLE 154 nullPopulation typel
SAMPLE 150 nullPopulation type2
SAMPLE 153 nullPopulation type3
SAMPLE 145 nullPopulation type4
COUNT type 1 =survived typelSurvivorCount
COUNT type2 =survived type2SurvivorCount
COUNT type3 =survived type3SurvivorCount
COUNT type4 =survived type4SurvivorCount

LET ratiol = typelSurvivorCount / 154
LET ratio2 = type2SurvivorCount / 150
LET ratio3 = type3SurvivorCount / 153
LET ratio4 = type4SurvivorCount / 145

‘Combine the ratios for easy comparison:

COPY ratiol ratio2 ratio3 ratio4 ratios

MIN ratios minRatio

MAX ratios maxRatio

LET ratioDifference = maxRatio - minRatio

SCORE ratioDifference distributionOfRatioDifference
END 'Show the sampling distribution:
HISTOGRAM binsize 0.01 distributionOfRatioDifference
COUNT distributionOfRatioDifference >= testRatioDifference successCount
LET probability = successCount / numbe rOfTrials
PRINT probability

The result of this simulation is:
probability: 0.0

Out of 1000 trials from the null population there were no cases as extreme as the observed
difference between ratios. Since that is well below our critical value (0.05), yoajeanthe
null hypothesis.

For comparison, the next program analyzes the same data usingsqeata technique. To use

the chisquare method, you first must calculate the expected values for each cell in the data table
based on the null universe. Yduo t hat by mul tiplying the cell 6:
divided by the grand total. For example, the
=104.88. You do that for each cell as you can see in the next table, which is the tagne a

previous table except that the predicted frequencies are shown in parentheses.

Type 1 Type 2 Type 3 Type 4 Total
Insects 139 100 3 98 410
killed (104.88) (102.16) (104.20) (98.75)
Insects 15 50 80 atl 192
surviving (49.12) (47.84) (48.80) (46.25)

48



Solving Probability and Statistics Problemih Statistics101

Type 1 Type 2 Type 3 Type 4 Total
Total tested 154 150 153 145 602

In the program, you copy them into a predictedFrequencies vector in the same order as that for

the observed values. You can see the predicte

DATA (104.88 102.16 104.20 98.75 49.12 47.84 48.80 46.25) \
predictedFrequencies
DATA (139 100 73 98 15 50 80 47) observedValues
CHISQUARE observedValues predictedFrequencies observedChiSquare
PRINT observedChiSquare
COPY 10000 numberOfTrials
ENUMdied survived
COPY 410#died 192#survived nullPopulation
REPEAT numberOfTrials
SAMPLE 154 nullPopulation typel
SAMPLE 150 nullPopulation type2
SAMPLE 153 nullPopulation type3
SAMPLE 145 nullPopulation type4

COUNT typel =died typelDeathCo unt
COUNT type2 =died type2DeathCount
COUNT type3 =died type3DeathCount
COUNT type4 =died type4DeathCount

COUNT typel =survived typelSurvivorCount
COUNT type2 =survived type2SurvivorCount
COUNT type3 =survived type3SurvivorCount
CQUNT type4 =survived type4SurvivorCount

COPY typelDeathCount type2DeathCount type3DeathCount \
type4DeathCount deathCounts
COPY typelSurvivorCount type2SurvivorCount type3SurvivorCount \
typedSurvivorCount survivorCounts
COPY deathCou nts survivorCounts observedSampleValues
CHISQUARE observedSampleValues predictedFrequencies chiSquareStatValue
SCORE chiSquareStatValue chiSquareDistribution
END
'‘Show the chi - square distribution:
HISTOGRAM binsize 0.5 chiSquareDistribution
COUNTchiSquareDistribution >= observedChiSquare successCount
LET probability = successCount / numberOfTrials
PRINT probability
OUTPUT "Null hypothesis is "
IF probability >= 0.05
OUTPUT "NOT "
END
OUTPUT "rejected at the 5% significance level .\n

Note that ladded OUTPUT commands and an IF command at the end of the program so that it
would automatically print the conclusion: acceptance or rejection of the null hypothesis. Here is
the result from the above program:
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observedChiSquare: 64.25130843346504
probabil ity: 0.0
Null hypothesis is rejected.

We have achieved the same answer in both analyses. Granted, the first method, comparing the

di fference of ratios, i s pr obsglateymethodsinceats sens
uses only two of the four gups (the ones with the max and the min ratios) whereas the chi

square method uses all four to arrive at its conclusion. Further, notice that | didn't have to use an
F-distribution table, nor did | have to worry about how many "degrees of freedom" were

involved. That's because our results vector "automatically” contained the data that constituted the
sampling distribution appropriate to our sampeu can see the distribution by looking in the

histogram produced by the HISTOGRAM command.

Although the progam | have written solves the problem, | can use it as one more opportunity to
demonstrate the use of subroutines. Studying the program reveals that several commands
(SAMPLE and COUNT) are repeated together with different arguments. That is a sign that
pertaps they can be made into a subroutine. Here is the same program rewritten using a
subroutine.
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ENUMdied survived
GLOBAL died survived nullPopulation

NEWCMD COLUMN_TRIAL sampleSize deathCount survivorCount
SAMPLE sampleSize nullPopulation columnSample
COUNT columnSample =died deathCount
COUNT columnSample =survived survivorCount

END

DATA (104.88 102.16 104.20 98.75 49.12 47.84 48.80 46.25) \
predictedFrequencies

DATA (139 100 73 98 15 50 80 47) observedValues

CHISQUARE observedValues  predictedFrequencies observedChiSquare

PRINT observedChiSquare

COPY 1000 numberOfTrials

COPY 410#died 192#survived nullPopulation

REPEAT numberOfTrials
COLUMN_TRIAL 154 typelDeathCount typelSurvivorCount
COLUMN_TRIAL 150 type2DeathCount type2Survivo rCount
COLUMN_TRIAL 153 type3DeathCount type3SurvivorCount
COLUMN_TRIAL 145 type4DeathCount type4SurvivorCount

COPY typelDeathCount type2DeathCount type3DeathCount \
typedDeathCount deathCounts
COPY typelSurvivorCount type2SurvivorCount ty pe3SurvivorCount \

type4SurvivorCount survivorCounts
COPY deathCounts survivorCounts observedSampleValues
CHISQUARE observedSampleValues predictedFrequencies chiSquareStatValue
SCOREchiSquareStatValue chiSquareDistribution
END
HISTOGRAM binsize 0.5 chiSquareDistribution 'Show the chi - square distribution
COUNTchiSquareDistribution >= observedChiSquare successCount
LET probability = successCount  / numberOfTrials
PRINT probability
OUTPUT "Null hypothesis is "
IF probability >= 0.05

OUTPUT "NOT "
END
OUTPUT "rejected at the 5% significance level An"
Thereisa set of subroutines i n t h-squdidahalysishy di r ect o

resampling for problems involving contingency tables of any size. They are in the file
ChiSquareGeneral.txt

More Examples

You can find many other examples usiRgsampling Sta@sndStatistics1010 solve a wide

variety of common and uncommon problems inftlderi Re s ampl i ngPr ogr amso t
included with theStatistics10Jrogram by thenstaller. Further examples can be foantd
http://www.statistics101.net/PeterBruce-i06s.pdf and at thd&Resampling Statsebsite,
http://www.resample.com/content/exampldsti | i an Si monds online text
http://www.resample.com/content/text/index.shgivies a lengthy discussion of hypothesis

testing and confidence intervals from the viewpoint of resampling. See especially, chapters 15
through 21.
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The following examples are on tBdatistics10lwebsite Click on any one of them to opéinat
example inyour browser.

Flipping three coins

Drawing two aces at random

One spade or one club

At least one head in two coin flips

Drawing either a spade or an ace from a dedaads
Exactly five heads out of ten

Mean and standard deviation for 1i@$ of a fair coin
Standard error of the mean

. Area under normal curve

10.Percentile

11. Sixty boys out of next 100 births

12.Confidence interval (SD known)

13. Confidence interval (SD known)

14.Hypothesis test 1 (SD known)

15. Hypothesis test 2 (SD known)

16. Confidence interval (SD known)

17.Hypothesis test (SD unknown. t distribution one tail)
18. Hypothesis test (SD unknown. t distribution two tail)

19. Confidence interal for population mean using t

20. Two-sample #test for comparing two means
21.Two-sample ttest for comparing two means (hypothesis test)
22.Two-sample ttest for comparing two means (confidence interval)
23.Pooled Variance method

24.Paired difference-test

25.Test for a single population proportion (hypothesis test)
26.Test for a single population propani (confidence interval)
27.Choosing a sample size for a given confidence interval
28.Comparing two proportions (hypothesis test)

29. Comparing two proportions (confidence interval)

30. Correlation Coefficient

31.Finding significance of the Correlation Coefficient
32.Confidence interval for the Correlation Coefficient
33.Simple Linear Regre&m

34. Confidence interval for the linear regression slope

35. Confidence irngrval for the prediction

36. Chi-square test

©CoNoOO~WNE

52


http://www.statistics101.net/statistics101web_000007.htm
http://www.statistics101.net/statistics101web_000007.htm
http://www.statistics101.net/statistics101web_000007.htm#an0
http://www.statistics101.net/statistics101web_000007.htm#an1
http://www.statistics101.net/statistics101web_000007.htm#an2
http://www.statistics101.net/statistics101web_000007.htm#an3
http://www.statistics101.net/statistics101web_000007.htm#an4
http://www.statistics101.net/statistics101web_000007.htm#an5
http://www.statistics101.net/statistics101web_000007.htm#an6
http://www.statistics101.net/statistics101web_000007.htm#an7
http://www.statistics101.net/statistics101web_000007.htm#an8
http://www.statistics101.net/statistics101web_000007.htm#an9
http://www.statistics101.net/statistics101web_000007.htm#an10
http://www.statistics101.net/statistics101web_000007.htm#an11
http://www.statistics101.net/statistics101web_000007.htm#an12
http://www.statistics101.net/statistics101web_000007.htm#an13
http://www.statistics101.net/statistics101web_000007.htm#an14
http://www.statistics101.net/statistics101web_000007.htm#an15
http://www.statistics101.net/statistics101web_000007.htm#an16
http://www.statistics101.net/statistics101web_000007.htm#an17
http://www.statistics101.net/statistics101web_000007.htm#an19
http://www.statistics101.net/statistics101web_000007.htm#an20
http://www.statistics101.net/statistics101web_000007.htm#an21
http://www.statistics101.net/statistics101web_000007.htm#an22
http://www.statistics101.net/statistics101web_000007.htm#an23
http://www.statistics101.net/statistics101web_000007.htm#an24
http://www.statistics101.net/statistics101web_000007.htm#an25
http://www.statistics101.net/statistics101web_000007.htm#an26
http://www.statistics101.net/statistics101web_000007.htm#an27
http://www.statistics101.net/statistics101web_000007.htm#an28
http://www.statistics101.net/statistics101web_000007.htm#an29
http://www.statistics101.net/statistics101web_000007.htm#an30
http://www.statistics101.net/statistics101web_000007.htm#an31
http://www.statistics101.net/statistics101web_000007.htm#an32
http://www.statistics101.net/statistics101web_000007.htm#an33
http://www.statistics101.net/statistics101web_000007.htm#an34
http://www.statistics101.net/statistics101web_000007.htm#an35
http://www.statistics101.net/statistics101web_000007.htm#an36

Language Basics

PART 2: Language Basics

In this section you W learn the fundamental concepts and commandseéxtended

Resampling StalanguageYou will use these commands to create your own simulation

programs. You may find that you need commands and features that are not described in this
document. Sincehts is an introductory tutorial it does not cover all the capabilities of

Resampling Sta@sndStatistics101Therefore if you need something not described here, browse
Appendix 2or Statistics10 r o g r a maissverylikely that what you need is already in the
languageas either a command or a subroutinel f you candét find what yo
guestion on the ww\tatistics10Inet web forum or contact me directly by email at
john@statistics101.net

Data Types

In theResampling Statanguage most data is in the form of lists of numbers. These lists are also
calledvectorsor sometimesarrays (I will use the worddist andvectorinterchangeably, with

preference for the wordectol). Each number in a vector is callededemenbf the vector. If a

vector has a name it is calledariable If a vector does not have a name, it is calledrestant

If a vector has only one element, trector may be calledrmumber Actually, the worchumber

is used ambiguously iResamplingStats | 6ve already wused it two di
sentences. Sometimes it means a vector with only one element; sometimes it refers to the first
elemen of a vector with multiple elements, and sometimes it just means a number in the sense

that you are used to using it. The context should make clear which meaning is intended.

Although data can always be represented as numbers, often it is useful tmasensdead of
numbers as elements in the data. Named Constardssaussedaterin this tutorial.

Numbers

Here are the rules for entering literal numberR@sampling Statdf a number you are entering
isaninteg r , such as A50, you can just type it as
type it-bas Ugduals: nlever corr ect RasamplagStatsar pl us
example, A+50 woul d cause a mteriaghascardecima pomtitg e . I
MUST have at | east one digit before the point
scientific notation as in this example, A1.23
minus sign in the exponent and/or the masts a ,-1.284E5on ©HBut again, no pl

Vectors (Lists)

Using vectors as the primary data type allows the handling of large collections of data as if they
were a single entity. There are several different ways that you can write a vetiatistics101

The most basic way of writing a vector is as a set of numbers separated by one or more spaces
and enclosed between parentheses. A simple example of a vector is (1 2 3 4 5).

This next table shows the different ways you can represent veti®esampling Stats
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Specification
Name Pattern Example Meaning of Example
Empty vector () () ()
Number (n)orn (3)or3 3)
vector (nl1l n2 (136259 (1.0 3.0 6.0 259.0)
Sequence nl,n2 1,5o0r (1.0 2.0 3.04.0 5.0
(two terms) 51 (5.0 4.0 3.0 2.0 1.0)
jan,apr (jan feb mar apr) Sedamed ©nstants
Sequence nl,n2,n3 2,10,2 (246810)
(three terms) 2,1,0.1 (2019181.71615141.31.21.11(
jan,dec,3 lllegal: step not allowed iname
sequences
Multiple nl#n2 or 5#3 (3.0 3.0 3.0 3.0 3.0
nl#vec 2#(1 2 3) (1.02.03.01.02.03.0)
Multiple nl#n2,n3,n4 2#3,5 (3.04.05.03.04.05.0)
Sequence 2#2.,6,2 (2.04.06.02.04.06.0)
The first column, ASpecification Nameo, gives
APatterno column, where Ano, Anlodo, ANn206, etc.

shows different generic ways to write a vectoResampling Stats The AExampl eo col
gives specific numerical examples of each pattern. The "Meaning of Example" column shows the
full vector that is represented by the example.

The first row of the table shows an empty vector. Note that an empty vector is not the same as a
vector whose sole element is zero. An empty vector has no elements.

The second row shows a finumber ¢, which is a v
written with or without parentheses. This is a special case for convenience and for conformity to
usual practice of writing numberStatistics101reats either notation as equivalent.

The third row shows a vector with several numbers in it. You use téa there is no particular
pattern in the numbers that allows you to use one of the following more compact specification
methods.

The next four rows in the table show how you generate certain kinds of vectors without having to
type in all the numbers. Usgj the two term Sequence specification you enter only the lowest and
highest values of a desired sequeseparating those two values with a comma. The resulting
sequence vector will have all its elements differing from their adjacent element by 1. If the
number at the left of the comma is lower than that on the right, then the sequence will be in order
of increasing values. If the number at the left of the comma is higher than that on the right, then
the sequence will be in order of decreasing valuesn&hketable row shows that an optional
third term may be added foll owing a second co
much each element differs from its preceding element. The step value must be positive, even
when the values of the sequerare in decreasing order. Any or all of the two or three numbers

in the Sequence spec may be integer or floating point literals, or variables.

For the Multiple specification, you enter the number of times (nl1) that you want another value
(n2) or vector (ec) repeated, both separated by a pound sign (#), called the multiple operator. In

1You can get the intended result litkés: TAKE jan,dec 1,12,3 result
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the Multiple Sequence specification, you specify a sequence on the right side of the pound sign
using any of the forms just described. Either or both sides of the mulpiptator may be
variables.

A missing numbeis an element of a vector for which you have no data, but you want to

represent the fact that that element is not available. There are two special codes that can be used
for missing number sa alrhde pewoi ocd de(sii.adr)e. fANNaaMN | s
Number 6. The t wo c odes Statistiesl0dFomezamples if youdhadeaq u i v a |
set of data of students' height versus weight, but for some students you had only their height or

only their weidnt, you would mark the missing data with NaN or period like this:

Height Data: (62 71 60 68  NaN 72)

Weight Data: (102115 . 170 145 194)

Names

Later, youo6ll see how commands, such as COPY,
call ed a variabl e. For now, |l 611 just state th

followed by any number of letters or digits or underlines (_) or dollar sign ($) in any
combinationUpperandlower case letters are considered to be dmees

The hyphen-) is allowed in names, but in the context of a LET command, it may be confused
with the minus sign and cause error messages. It is best to avoid its use.

Here are some valid names:

myName
standardDeviation$
class_grades
classGrades
class_ 1 grades
classlgrades

And here are some invalid names along with the reasons they are invalid:

2class Names canot start with a num
number followed by a name.

Class grades Names canét have a s pabesvonahds

boys&girls Names can have only letters and digits, underlines (_) and doll
signs ($). Anything else is an error.

When creating their own variable names, some people prefer to use underscores to separate
words, while others prefer tse capital letters. You see examples of both in the valid names
above. In the programs to follow in this document, | will use capital letters instead of
underscores. It is a good idea to choose the style you like and stick with it consistently in a
program Doing so makes it more readable, at least by you.

Strings

A string is a sequence of text characters treated as a unit. In Resampling Stats there are two types
of strings. The firstypeis calleda literal string. A literal string is text contained beénewo
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doubl e quote mar ks. For ex ampdirigtypascaiedas i s a |
variable string. A variable string &stext string that has its own name. Variable strings are

created with the STRING commanahich will be discusselriefly later. Strings are used as

arguments to some commands. For example, strings are used by graphing commands such as

HI STOGRAM to set the graphos | abel s.

Commands

The command is the unit of computation d®@sampling Stagsrogram. Each command

operaes on data and produces a result. Every command is usually confined to dwittilee
command name being the first item on the |ine
Argumentsare numbers, variable names, or keywords that the command intefypketsvordis

a special optional word that modifies the behavior of a command. Only a few commands take
keywords.

Of the 100plus commands that are in the extenBedampling Statanguage used by
Statistics101there are 28 that are used most frequefithce you understand how to use those

28 commands you will find it easy to add the others to your repertoire as needed. The complete
list of commands is given iAppendix 2of this document. The commands are grouped by
categories ilAppendix 3

The most frequently used commands are:

%You can continue a command onto subsequent editor line
Continuation Lines
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Command
ADD
COPY
CONST

COUNT
DIVIDE
END

ENUM

FOREACH

GLOBAL

HISTOGRAM
IF

LET

MEAN
MEDIAN
MULTIPLY
NAME

NEWCMD
NORMAL
PERCENTILE
PRINT
REPEAT
SAMPLE

SCORE
SHUFFLE
STDEV
SUBTRACT
SUM

TAKE
VARIANCE
WHILE

Although this document will always print the commands in upper case, you can use lower case if

Language Basics

Description

Arithmetically add corresponding elements of its input vectors
Concatenate arguments into a single vector. An alternate name is DAT,

Assigns a list of numbers to a series of names. The names can then be
in place of the numbers.
Counts the number of elements that pass a test

Arithmetically divide corresponding elements of its input vectors

Marks the end of an IF, REPEAT, WHILEOREACH, UNTIL,or
NEWCMD structure

Creates a set of enumerators, i.e., named constants whose names hav:
associated numerical value.

Executes ammands between FOREACH and END assigning each elen
value of the given vector one by one to a variable

Makes the names of listed constants and variables visible throughout al
entire program

Graphsa histogram of one or more vectors

Allows execution of commands between IF and ERDSEIF or ELSHEf a
test is passed

Uses mathematical formula notation to compute a value and assign it tc
variable.

Computes the mean of a vector

Computes the median of a vector
Arithmetically multiplies corresponding elements of its input vectors

Creates one or more Named Constafisnbines the functions of the
CONST and ENUM command
Creates a Ainew commando or Asubr

Generates a vector cdindom numbers from a normal distribution
Compute specified percentiles from an input vector

Prints the contents of one or more vectorthe output window

Executes commands between REPEAT and END a given number of tin

Randomly selects a given number of elements from a vector, with
replacement
Accumulates results of random trials in a scoring vector

Randomly reorders the elements of a vector

Computes the standard deviation of a given vector

Arithmetically subtracts corresponding elements of its input vectors
Adds all the elements of its input vector and puts the sum in the result v
Copies specific elements from its input vector into its result vector
Compute the variance of a vector

Executes commands between WHILE and END as long as a test passe

you prefer.Statistics10Moes not distinguish between upper and lower case.
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The typical command follows this pattern:
COMMANDNAME optional Keyword inputl input2 é inputN res

This means that the command, COMMANDNAME may have an optional keyword, takes the
spaceseparated argumeinputl throughinputN , does whatever it is supposed to do with

them and puts the result in a single output variable, here eadléd . Any preexisting contents

of the result vector are erased and r el aced
you have two vectors whose elements you want to add to each other. The ADD cazamdnd
theworkforyo as youdbél |l see | ater, you can al so use
as much more)

ADD vectorl vector2 vecSum

After ADD finishes, eaclelement invector1  will have been added to the corresponding

element invector2 and placed in the corresponding positiordesum. If the two input vectors

are of differing lengths, then the last element of the shorter one will repeated as many times as
needed to make the two vectorsdéd | engths equal,
actually unchanged; it is Avirtuallyo extende
ADD would work in a specific case:

vectorl: (123456)

vector2: (5 6 7) (the 7 is fAvirtuallyo repeated
vecSum: (68 1011 12 13)

Like ADD, all the commands that operate on an elerbgrglement basis will virtually extend
shorter vectors so that all the input vectors are the same length.

Thereis one atypical command, SCORE, which has the form:
SCORE input resultl result2 ¢é resultN

This command takes only one input vector and can have one or more result vectors. The SCORE
command, wunlike all the ot her sis. Itdppendsthafost r e p |
element of vectoinput to the end ofesultl , the second element i@aput to the end of

result2 , etc. Its purpose is to remember the results of all the simulations that a program is
performing. Normally you will use it with onlgne input and one result vector.

Command Syntax Descriptions

Since each command has its own number and type of arguments, it is necessary to have a simple
and concise method of describing thésssiures TheStatisticsl10br ogr amdés hel p bar
the gntax for each command using the following conventions:

An argument is described by its name. Keywords are shown capitalized. If an argument is

enclosed in square brackets, [someArg], that argument is optional. If an argument is enclosed in
curly brackets{someArg}, that argument may be used zero or more tithélse argument name

has neither square nor curly brackets, that argument is reqDi@idary parentheses are used to

group required argument$.a vertical bar, |, separates arguments or keywords, that indicates

that a choice must be made between those arguments; only one is dll@meatgument is

encl osed between quotes, 0s o rHerdaregsomeschdmatic ar gu
examples of command syntax using these conventions and their explanations. CMD represents

any command and A, B, C and D represent the arguments of the command.
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CMD A Command CMD requires one argument: A.

CMDABC CMD requires three arguments: A B and C.

CMDA(B|C)D CMD requires three arguments: ABD or ACD.

CMDA[B|C]D CMD requires two arguments (A and D) and optionally one of argume
B or C following A.

CMD A {B}C CMD requires A and C. Allows any number of Bs following A.

Taking a reabxample, the syntax description for the ADD command is:
ADD inputVector inputVector {inputVector} resultVariable

This means that the ADD command requires at |
another exampléhis is all one line even thobgt had to be broken into three lines to print in

this space)

HISTOGRAM [PERCENT] [BINSIZE binsizeNumber | BINS binsNumber] ["yAxisLabel" |

yAxisLabelStringVariable ["xAxisLabel" | xAxisLabelStringVariabel 1
inputVector {inputVector}

This syntax descripgn means that the HISTOGRAM command has an optional keyword,
percent, a choice between either (or neither) of two keywasas,ze or bins, each of which
requires an argument, an optional quetelosed stringr string variabldor the Y-axis label
and a optional quoteenclosed stringr string variabldor the X-axis label, all followed by one
or more input vectors. Also implied is that if there is aaxX%s label there must be a preceding
Y -axis label.

Comments

In Resampling Statgnything to the right of an apostrophe (') is a comment intended for the
human reader and is ignored ®tatistics101Comments are to help a reader, who might be you

at some later date, to understand what a program is trying to accomplish. If yoanphag

any complexity, it is a good idea to add comments to it for future aid in understanding it. The
apostrophe may also be the first character on a line, in which case the entire line is a comment.

"This whole line is a comment
ADD ABC 'Thisis a par tial line comment. This command adds A to B to get C.

There is a second kind of comment use8tatistics10l cal |l ed t he fAbl ock con
comment may be contained entirely on one line or it may span multiple lines. Therefore, the

block comment rast be enclosed between two markers, a begmment marker (/*) and an

endcomment marker (*/). If you are familiar with the languages C or Java, you will recognize

this convention. Anything between the two markers will be ignorestatystics1010nly e

asterisk is needed for either marker, but you may put as many as you like if you wish to highlight

the comment block. Here is a short block comment:

[* Everything between the start

and end markers is a block
comment and will be ignored by Statistics101 o

Comments do not affect the execution speed of your progr&taiistics101so use them
l' i berally. For further hints on PlgramCtaty i mpr ov
and Readability
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Continuation Lines

Normally you will type each command and all its arguments on a single line. A line in the editor

can be as long as needed. But sometimes you might want to divide a command over more than

one line. You can do this by ending each line of the comragoelpt its last with the
continuation charact\ey, WwWoaiceaxasmplteéaeg tbacksesmm

HISTOGRAM percent binsize 0.1 "Probability Density" "X value" distribution
could in the extreme, be written over several lines like this:

HISTOGRAM peacent \
binsize 0.1 \

"Probability Density" \ 'Y axis label
"X value" \ 'X axis label
distribution ‘Last line has no continuation marker

Note that the last line musbthave a continuation character. If you have a commeat

continuation line, the comment must follow the continuation marker as in the first two comments
in the above example. If you put the continuation marker after the comment, it will be considered
part of the comment and ignored, resulting in a syntat enessage. Also, do not break a line in

the middle of a variable name, keyword, or quoted string.

The LET Command

Thepurposeof the LET command is to make it easy to express complicated mathematical
formulas. Here is an example using LET to computehtypotenuse of a triangle:

LET hypotenuse = SQRT(sideA"2 + sideB"2)

Note that if sideA and sideB are vectors with many elements, then the above command computes
the hypotenuse for each pair of elements, one element from sideA and one from sideB, and puts
the result for each pair into the vectoypotenuse . For example, the following program,

COPY (1 2 3 4) sideA

COPY (2 34 5) sideB

LET hypotenuse = SQRT(sideA"2 + sideB"2)
PRINT hypotenuse

produces this output:
hypotenuse: (2.23606797749979 3.605551275463989 5.0 6.4031242374328485)

Without the LET command you would have to do something like the following to accomplish
the same calculation and it would be much harder to comprehend at a glance:

SQUARE sideA sideAsquared

SQUARE sideB sideBsquare d

ADD sideAsquared sideBSquared hypSquared

SQRT hypSquared hypotenuse
PRINT hypotenuse

Of course, you can use the arithmetic operators,*+/, %, and ~, which are respectively, add,
subtract, multiply, divide, remainder, and power. There is alsotarveancatenation operator,
&, that joins the vector on its right to the vector on its left.

The mi n4 & itsscongmon uSage hésur different meanings: as a subtraction operator
(a- b), as dichange sigaoperator {a), as an indicator that adral numberand/or its exponent
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is less than zere4.56-3),and as a hyphen classgrades YWheniused | e n ame
following a variable nameyou should put a space before the minussign it i snét i nte
a hyphenOtherwise, you will gea syntax error message.

You can also use literal vectors in the LET command. Rewriting the above calculation with
literal vectors in the LET command (showing two ways to write literal vectors) gives this:
LET hypotenuse = SQRT( (1234) "2+ 2572

PRINT hypotenuse

As long as the result variable nanmgpptenuse in this example) is not the same as that of a
subroutine or &tatisticsl0ommandyou canomitthe LET command nam&tatistics10will

detect the equal sign and interpret the line as a LET command. Rewriting the above without the
LET keyword exemplifies this feature:

hypotenuse = SQRT((1 2 3 4)"2 + 2,5"2)
PRINT hypotenuse

You can even replace the COPY commands with LET commandigke

sideA=(1234)

sideB= (2345)

hypotenuse = SQRT(sideA"2 + sideB"2)
PRINT hypotenuse

The LET command allows you to use all of the siragigument math command names, such as
SIN and LOG, and some of the statistical command names, such as MEAREDIAN as if
they were functions, similarly to the way that SQRT is used abovggendix 3 all the
commands that are legal to use with LET are shaded.

Furthermore, if you define a subroutine that has onéy/inputvariableand one output variable,
you can invoke that subroutine within a LET command. For example, if you define a subroutine
of the form

NEWCMD MYSUB inVec outVec
END

where you can use any name youitihalUEEBcommaedt ead o
asyou wouldany mathematical function:

LET resultVec = 3 * MYSUBrecA) + COS(vecB)

For full information on the LET command see 8tatistics10helpdocumentation

The STRING Command

The STRING command creates a single string variable by concatenating any number of literal
strings, string variables, or vector variablgging variables can be used in any command that
accepts a literal string argumehtr example, you could use this command to create a string
variablecalledxAxisLabel

STRING "Sample Size =" size xAxisLabel
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If size contained the number 30, thesxisLabel wo ul d cSampldSaei=R0.0A O . The
string variablexAxisLabel  could then be used as the labeltfte X-axis of a histogram like

this:

HISTOGRAM "Percent Frequency" xAxisLabel myData

The above command shows the use of a literal striregcént Frequency” as the Y axis
label) and a string variableAxisLabel as theX axis label) in the same command at the same
time.

If you want to be able to easily distinguish string names from vector names, you could adopt the
convention of adding a "$" to the string name either as a prefix or a suffiXigsrimgName 0
O rstr fhigName$ .

There are two other commands that operate on strings, STRING_COMPARE and
STRING_REPLACELook in theStatistics10help documentation for full details @tl three
stringcommandg.

Programs
A program is an ordered sequence of commands desigraethieve some result. Since every
program you write will need tdisplay its outputoh he scr een, | et 6s start

command. Much of what you learn from the PRINT command will apply to the other commands
as well. PRINT writes its arguments te thtatistics10Joutput window, not to your printer.

Type the following into the empt$tatistics10Zkdit window:

PRINT56 7

This one line is a very simple, but complete, program. The command name, PRINT, is first on

the line, and is followed by somenuemb of f@Aar gumentso, in this ca:
The arguments are separated by one or more spaces.

There are three ways to run this or any progra@tatistics101

Click on t hﬂﬁnmelstaﬁsticblolbcﬂbar,n
Use t hRr diRruaamo sel ection from the Run menu,
Use the keyboard shortcut, CRI

Choose one of these ways and observe the result:

internal#001: 5.0
internal#002: 6.0
internal#003: 7.0

What does this mean? Our PRINT command had three numbers as its argumentbef by

itself, that is not enclosed in parentheses, is considered to be a vector containing only that
number. So the PRINT command sees that it has three vectors, each containing one number, as if
it had been written like this:

PRINT (5) (6) (7)

Since hese three vectors had no nan&tatistics10kssigned names to them. These names
differ only in their arbitrarily assigned numerical suffix. Then it printed each name one to a line,
followed by a colon, followed by the value associated with that nante.tNat the numbesign
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(#) is not legal in any names that you can create. It is only used in these internally generated
names.

Letds change our example slightly:
PRINT (56 7)

When you run this program using one of the three methods above, you see:
intern al#001: (5.0 6.0 7.0)

This time, because you enclosed the three numbers in parentheses, thuSttlBtigs10that

the numbers constituted a vector, you got only one temporary variable and it was assigned to a
vector made up of our three numbers. Asaaide, although you entered the numbers as integers,
they printed out as floating point numbers, i.e., they printed out as numbers with decimal points.
Statistics10Moes all its arithmetic in floating point, and the output will normally be in floating
point.

Normally, you wondét see these internally assi
constants. You assign names to important values in your program using almost any other

command in the repertoire. The most common would be the COPY com@@Ry, like most
Resampling Statsommands, takes two or more arguments, the last of which must be a name that
will be assigned to the vector that the command builds. You could experiment using the COPY
command like this:

COPY 5 6 7 myData
PRINT myData

Here, COPY has 4 arguments: three numbers and a name for the result. When you run this two
line program using one of the three methods described earlier, you will see:

myData: (5.0 6.0 7.0)

What has happened? The COPY command automatically concatenateargiliments except

the last into a single vector and gives that vector the name of its final argument. So here, COPY
put the three numbers into a vector namgdata, and then the PRINT command printed the

name, followed by the colon, followed by the ithumbers enclosed in parentheses.

| could have written:

COPY (5 6 7) myData
PRINT myData

This time, COPY has only two arguments: the vector (5 6 7) and a name for the result. In this
second COPY command, although the data is entered differently, titesexactly the same as
before:

myData: (5.0 6.0 7.0)
The COPY command is used to create a vector filled with data from literal vectors and/or

variables. Here are some examples of literal vectors used with COPY that show the result of
printing out the peated vector:

Command Result
COPY (12345)A A:(1.02.03.04.05.0)
COPY 1,5B B: (1.0 2.0 3.0 4.0 5.0)
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Command Result
COPY12345C C:(1.02.03.04.05.0)
COPY 5#3 D D:(3.03.03.03.03.0)
COPY 5,2 (246) 3#TE E:(5.04.03.02.02.04.06.07.07.0 7.0)
COPY 2#35F F:(3.04.05.03.04.05.0)
You can also use variables as input arguments
purpose of illustrating the use of variables in COPY:
COPY 1,5 A 'Create vector A containing the numbers 1 through 5

COPY 5#3 B 'Create vector B containing five threes
COPYABC ‘Concatenate A and B putting the resultin C
PRINTC  'PrintC

I f you didndét need the vectors A and B for an
dispense with them, reqg the above program with these two lines:

COPY 1,55#3 C
PRINT C

Both programs produce this result:
C:(1.02.03.04.05.03.03.03.03.0 3.0)

Occasionally you might find that you need to concatenate one or more vectors into one of those
same vectord-or example, say you had two vectors, A and B, and you wanted to put the
contents of A onto the end of B. Hereds a com

COPYBAB

This command copies the existing contents of
original cortents. If you wanted to do it in the reverse order, i.e., you wanted to put A onto the
front of B, you would write:

COPYABB

This works for any number of vectors. If you had three vectors, A, B, and C, and wanted to put A
then B then C into B, this commea will do it:

COPYABCB

The COPY command has a number of synonyms or aliases. The synonyms are CONCAT,
DATA, NUMBERS, and URN. In the origin®®esampling Statanguage, these all had

somewhat different behaviors. Fetatistics101the features of ethose commands were
consolidated into one command and that command was allowed to be invoked by any of the
listed names. You can always use the name COPY, or if you want to emphasize the purpose of
the copy you can choose one of the other names. Fomgntiata, for example, you might

choose to use the name DATA instead of COPY.

Now, |l etds turn to a simple example that migh
test scores from a class of 15 students and you want to know the averagadrtheestandard
deviati on. Her e 6 s Rbsampling &tagstogram: ght | ook as a
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DATA (89 98 69 83 58 40 78 93 85 60 72 83 79 83 76) scores
STDEV pop scores standardDeviation

MEAN scores average

PRINT average standardDeviation

The STDEV command computes the standard deviation atéhes vector and puts the result

in the variable callegtandardDeviation . STDEV can compute the standard deviation of either
a sample or a population. In this example the veetges contains thentire population, not

just a sample. The keywopdp tells the command to use the population formula for standard
deviation instead of the sample formula. The MEAN command computes the mean of the
elements of the scores vector and puts it in the vargatliedaverage . PRINT then produces

the following output:

average: 76.4
standardDeviation: 14.42590262918292

Notice that | have given meaningful names to the variables/vectors in the péogoamore

AAO or ABO as names. The comexofthepmoblen therpragraens ¢ o m
is solving. | use A and B as names in this document when the programs are just illustrating a

pattern and not solving a meaningful problem. If you use meaningful names for your variables,

your program becomes much morealarstandable to anyone reading it.

As suggested earlier, some commands kaygvordd hat modi fy the command?ad
PRINT is another example of such a command. If the keywaorelimmediately follows the

PRINT, then the PRINT command will print asguments as a table. Each argument will be

printed as a column; the first argument will be the first column, the second argument will be the
second column, and so on. The table headings will be the names of the vectors. For example, the
program

'Printat able of squares and square roots.

COPY 1,10 Number

MULTIPLY Number Number Square

SQRT Number SquareRoot
PRINT table Number Square SquareRoot

produces the following table as its output.

Number Square SquareRoot

1 1 1
2 4 1.414214

3 9 1.732051

4 16 2

5 25 2.236068

6 36 2.44949
7 49 2.645751

8 64 2.828427

9 81 3

10 100 3.162278

The PRINT commantas other options you can learn about by reading its help text. Help is
available in theStatistics10Jprogram via the menu selection Help>Help.

Logical Expressions

A logical expressiols a comparison between values that produces a true or falselregidal
expressions are used to restrict the application of a command to only the elements that cause the
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result of the logical expression to be trlieere are two types of logical expressiais)ple tests
(or justtesty, andcompound tests

Simple Tests

An exampl e of a AsBmMpl ehteanh WwWeultdabdeaB dis A
evaluates to true if A is less than B and to false otherisee Al ess t hano sign,
comparison operatoiThere are six commands that req@mpletests. These are COUNT,
MULTIPLES, RECODE, RUNS, TAGS, and WEED. (The commands IF, ELSENTIL, and

WHILE can accept compound tests as well as simple #stse commands will be described

later) A test restricts a command so that it appliely o the elements in its input vector that

satisfy the test. The command uses the test to compare either the first element or each element of
an input vector with one or two specified values or a list of values.

Letds take the folahexampleeg si mpl e program as
COPY 1,55#3 C

COUNTC=3D

PRINT C D

| 6ve used the command COUNT, which requires a
input vector, ACO0, that pass its test, A= 30
optional). SothisOUNT command says ficount how many el el
to 3 and put the result in D.06 When you run t
C:(1.02.03.04.05.03.03.03.03.03.0)

D: 6.0
You will see other examples of the use of tests in programs thwatititisbook

The complete list of test operators is described in the next table. Except for the memberof and
notmemberof tests, if the right hand side argument of a test is a vector, only the first element of
the vector is used in the test. If the ledinld side (input) argument is a vector, then it depends on
the command as to whether the test applies to only the first element (as in the IF command) or to
all the elements (as in the COUNT command) of the input vector. As usual, the typographical
case othe test keywords does not matter. Thus notMemberOf, notmemberof, NOTmemberof are
all equivalent.

With regard to tests on missing data (NaN or
number. Furthermore, NaN is not greater than or less thanuamyam, including NaN.

Comparison Operators

Operator Description

> Greater than. AThe el emen
number on the right.o E.g
the number of elements pfthat are greater than 5 and put
the result inresult

COUNT Z > 5 result
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Comparison Operators

Operator Description
< Less than. E.g., the following command counts the numk
of elements of that are less than 5 and puts the result in
result

COUNT Z < 5 result

= Equal. E.g., the following comand counts the number of
elements of that are equal to 5 and puts the result in
result

COUNT Z = 5 result

<> Not equal. E.g., the following command counts the numb
of elements of that are not equal to 5 and puts the result
result

COUNT Z<>5 result

>= Greater than or equal. E.g., the following command coun
the number of elements pthat are greater than or equal t
5 and puts the result iasult

COUNT Z >= 5 result

<= Less than or equal. E.g., the following command counts 1
number ofelements of that are less than or equal to 5 an
puts the result iresult

COUNT Z <= 5 result

memberof The element on the left is a member of the vector on the
right. E.g., The following command counts how many
elements of are members ofectorA arnd puts the answer
in result

COPY (1 4 15 22 39) vectorA
COUNT Z memberof vectorA result

notmemberot The element on the left is NOT a member of the vector o
the right. E.g., The following command counts how many
elements of are not members otctorA and puts the
answer irresult

COPY (1 4 15 22 39) vectorA
COUNT Z notmemberof vectorA result
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Comparison Operators

Operator Description

between The element on the left is between (inclusive) the two
numbers on the right. E.g., The following command coun
the number of elements pthat are beteen 1 and 10 and
puts the answer iresult . Note: there is no comma betwe
the 1 and the 10.

COUNT Z between 1 10 result

Also, the limits may be in reverse order and it still works:
COUNT Z between 10 1 result

notbetween The element on the left is NChletween (inclusive) the two
numbers on the right. E.g., The following command coun
the number of elements pthat are not between 1 and 10

and puts the answer iesult . Note: there is no comma
between the 1 and the 10.

COUNT Z notbetween 1 10 result

Also, the limits may be in reverse order and it still works:
COUNT Z notbetween 10 1 result

Compound Tests

Sometimes you need to express a compound test. A compound test is composed of one or more
simplet est s combi ned wi t hioar Of,n ootro -aonro fiaene oBbaunsdi 0v eo.r
defined above, &1 ogi c al exXpressi ono a<ks ,oeacbrmpeundtest. si mp |
Thus, wherever a logical expression is allowed, such as in an IF, EUSEIH,., or WHILE

command (which | will discsslater), a simple test is also allowed. The reverse is not true.

For example, you might want to test whether a card hand had two clubs and three hearts. This is

an Aando condition. Or, haodhadino glhbs or thraerhéarts o t e s
This would be the fAoro condition. Or, you mig
three hearts but notorlWottlaseThis is the fAexcl u

Here are examples of all three cases. The examples assunie tetiableslubCount and
heartCount already contain the number of clubs and hearts that were in some simulated card
hand. First, the fAando case, expressing fAtwo

clubCount = 2 AND heartCount = 3

The above line means that if thariableclubCount is two and the variablesartCount is
three, then this logical expression evaluates to true. Otherwise it evaluates to false.

Next, for -drh® daae,| usx preessing Atwo c¢clubs OR t
clubCount = 2 OR heartCount = 3
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And, final l yo,r 0t ltea sfee x eIxpsiewsesi ng At wo cl ubs OR
clubCount = 2 XOR heartCount = 3

The above examples are fairly easy to write and to interpret even without knowing the details of

the logical operators NOT, ANDDR, and XOR. To use them for more complicated logical

expressions, you must understand their properties and default behaviors as described in the

foll owing table. The term fAprecedenceo refers

cases whee a decision must be made between two or more operators. Higher precedence

operators will be applied before lower precedence operators. Operators of equal precedence will

be applied in order from left to right.

Operator
NOT

AND

OR

XOR

Precedence
1
(highest)

2

(middle)

3
(lowest)

3
(lowest)

Logical Operators
Description

Logical NOT. Takes only one test argument, the one on its right.
Results in true if the test on its right is false. Results in false if the
on its right is true. Highest precedence of all the logical operators
Example:

IFNOTA=4

which, by the way, happens to be equivalent to
IFA<>4

Logical AND. Takes two test arguments, one on its left and one o
right. Results in true if both the test on its left and the test on its ri
are true. Results in false otherwise. Precedence is below that of I
and above that of OR and XOR. Example:

IF A>5AND B between 1 2

Logical inclusive OR. Takes two test arguments, one on its left an
one on its right. Results in true if either the test on its left is true,
the test on its right is true, or both are true. Results in tdsrwise.
XOR and OR are of equal precedence. Theirs is the lowest
precedence. Example:

IFA<50RB<>C

Logical exclusive OR. Takes two test arguments, one on its left al
one on its right. Results in true if either the test on itsddfue or the
test on its right is true, but not both. Results in false otherwise. X(
and OR are of equal precedence. Theirs is the lowest precedence
Example:

IFA=5XORB=15

The simplest form of logical expression is just a test, say,

a<=b

Onestep up in complexity is this next logical expression, which happens to be equivalent to the

above:
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NOTa>b

You can read this as fna i s NOT greater than b
I n the following examples the terms fitestl1lo a
represat t he arguments of the | ogical operators,
bet ween b co0, or any other test I|isted in the

expression such as
a=bANDc<>dORebetween12 ANDf<g

can be dscribed like this in that shorthand:
testl AND test2 OR test3 AND test4

This shorthand is just for the purposes of visually simplifying the following examples in this
tutorial. It is not validResampling Statsyntax and cannot be used in 8tatistics10Jprogram. |
now use the shorthand to give specific examples that will clarify the application of the
precedence rules. Any logical expression represented by,

testl AND test2 OR test3 AND test4

is equivalent to
(testl AND test2) OR (test3 AND test4)

becaus®f the default precedence rules. AND operators will be executed prior to OR operators.
Another example, this time adding a NOT:

testl AND NOT test2 OR test3 AND test4

The above logical expression is equivalent to:
(testl AND (NOT test2)) OR (test3 AND test4)

A good way to understand how the precedence rules apply in the absence of parentheses that
override the defaults is this: First all NOTs bind to the test that follows them, second, all ANDs
bind to their arguments, and third, all ORs bind to thejuments that are the results of the first

two steps. In the second step, if there are several ANDs in sequence they are all grouped together
as in this next comparison of equivalent expressions:

testl AND test2 AND test3 OR test4 AND test5 AND test6

The @ove logical expression is equivalent to:
(testl AND test2 AND test3) OR (test4 AND test5 AND test6)

Applying the rules to this next expression which has several ORs in sequence with an AND in
the middle:

testl OR test2 OR test3 AND test4 OR test5 OR test6

results in this equivalent expressed using parentheses:
testl OR test2 OR (test3 AND test4) OR test5 OR test6

If you have any uncertainty about how the defaults apply in a complex logical expression that
you write, you should use parentheses to coercexjpeession to have the meaning you want.
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Compound Commands

So far, our programs have been a simple sequence of commands that executed one by one until
the last one was completed. A sequence of commands is the basic building block of a computer
program.Te r eal power or the computer comes from
execute some series of instructions or to repeat a series of instructions many times with slight
changes. The commands that perform these decisions and |d®gsampling &tsare IF,

REPEAT, FOREACH, WHILEUNTIL, and NEWCMD. Each of these commands controls a

sequence, or fiblockod, of other commands. Ther
each case the block of commands is terminated by an END command. Thetsiifhlesix
compound commands is the REPEAT command so 1|20

REPEAT ... END

Enter the following into th&tatistics10kdit window:

REPEAT 5
COPY 1,3 A
PRINT A

END

The REPEAT command takes only one argument. In this case, the argsenhe argument

tells it how many times it is to repeat the commands that are between REPEAT and its END
command. The argument may be any number; it can even be a vector, but if it is a vector, only
the first element is used, the rest are ignored.

Noticethat the two commands between the REPEAT and the END are indented. That is done

just to make it easier to identify the block of commands that are controlled by the REPEAT
command. It is not required, but it is a good practice to indent such blocks. iy baeathe
Statisticsl0pr ogram do the indenting for you aut omat
Programd selections from the Edit menu or the
down the Ctrl key on your keyboard.

When you run the abewprogram, you will get this result:

A: (1.0 2.0 3.0)
A: (1.0 2.0 3.0)
A: (1.0 2.0 3.0)
A: (1.0 2.0 3.0)
A: (1.0 2.0 3.0)

The program has executed the COPY and the PRINT commands five times. If you think
carefully about t he ECORYgtatamantgopiesdhe dame nemabkersiate t h
the variable A over and over. Since that only needs to be done once, it is more efficient to move

the COPY command out of the loop like this:

COPY 1,3A

REPEAT 5

PRINT A
END

Now, the COPY executes once and BRINT executes five times. The computer is therefore
doing less buswork. It is good to be alert for these kinds of optimizations in the programs you
write.
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Many times you will write a program that follows this pattern:

REPEAT 1000

‘compute result
END
LET probability = result / 1000 ' divide result by number of trials
PRINT probability

In this pattern, you divide the result by the number of trials to calculate the probability. If you
want to change the number of triajsu need to change it in two places. A more flexible way is
to use a variable as in the following:

COPY 1000 numberOfTrials

REPEAT numberOfTrials
'‘Compute result
END
LET probability = result / numberOfTrials

PRINT probability
Now you need only to change the number of trials once, in the COPY command.

FOREACH ... END

Like the REPEAT command, the FOREACH command repeats all the commands that are
between the FOREACH and its matching END command, but its rule of rep&didifferent.
The FOREACH command takes two argumentee firstargumenis a variable that takes on,
one by one, the value of each of the elements of the second argument. Edblotigie the
loop, the variable is assigndlde nextvaluefrom the seond argument antthe commands
between FOREACH and END are executed using that new value.

A simple example will make thisclearer | n mat h, t hewnrif atcdsthea sl ANK O
product of all thentegersbetween 1 and N inclusive. Here is a peog to compute a table of
factorials

COPY 1,10 Numbers
FOREACH number numbers

PRODUCT 1,number factorial '‘Compute product of numbers from 1 to number
SCORE factorial Factorials ' Save the result in vector, Factorials
END
PRINT table numbers factorials

And here is its result;
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Numbers Factorials
1 1

2 2

3 6

4 24

5 120

6 720

7 5040

8 40320

9 362880

10 3.6288E06

Youcsn read the FOREACH st arunednithe veadosumbes, dot sai d
the foll owing. 0 Eamuntber is assignedtthe nert vatué fron thebers 0 0 p
vector, then the commands in the body of the IGRRADUCTand SCORE) arexecuted. After

the commands are executed for each value in the numbers vector, the results are printed out as a
table. You can compare this program with ¢helierone that computed a table of squares and

square roat.

You can use aequence specificati@as the vector argument of the FOREACH command, like
this:
FOREACH n 20,40,2

END
This iterates through all the even numbers between 20 and 40. The first two parteqlitnes

specification can be variables and/or named constants. The third part, if present can be a variable
a number, or a named val(l®t not & enumn).

There are more examples using FOREACH in the sectidfiesting @mmands

IF ... ELSEIF ... ELSE ... END

The IF command takes a test, or more generalbgiaal expressionas its argument. IF has
three forms. The simplest form executes the commands between IF and END only if the result of
thet est i s Atrueo. Herebds the outline of the si

IF logicalExpression
' Commands to be executed if logicalExpression is true
END

This means that the IF command takes a logicalExpression as an argument, then is followed by a
list of commandsfollowed by an END command. As a simple example, look at this program
segment:

IF A<10
PRINT A
END

Assume that in some earlier part of the program A has been given a value. Then in this part, if
the value of A is less than 10, the PRINT statemalhexecute and print out the value of A. If

A was a vector with more than one element, only the first element is used to determine the result
of the test. To clarify this point, type this program into $t&tistics10Zkdit window:
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COPY (357892032 55) A
COPY (10 2 15 22 19) B
IF A<B
PRINT A
END

If you run this program you will see this result in the output window:
A: (3.05.07.08.0 9.0 20.0 32.0 55.0)

The test passed and A was printed because the first element (3) of A was less than the first
element (10) of B.

Returning momentarily to thexampledrom the section on logical expressions, | can now show

how those expressions are used in IF commands. Each example uses an IF command and
assumes that thariablesclubCount andheartCount already contain the number of clubs and
hearts that were in some simulated card hand.
three heartso:

IF clubCount = 2 AND heartCount = 3

LET successCount = 1 + successCount
END

This command means that if the variabi®&Count is two and the variableesartCount is
three, then record this as a success by adding a 1 to the variablesneteeatount
Otherwise, skip to the command that follows the END command.

Next, for -drhe dage,| usx preessing Atwo clubs OR t
IF clubCount = 2 OR heartCount = 3

LET successCount = 1 + successCount
END

And, final l yo,r ot ltea sfee x eIxppsiewsesi ng At wBOdHobs OR

IF clubCount = 2 XOR heartCount = 3
LET successCount = 1 + successCount
END

The second, more general form of the IF command includes an ELSE command. It looks like
this:
IF logicalExpression
' Commands to be executed if logicalExpression is true
ELSE

' Commands to execute if logicalExpression is false.
END

Here is a very simple concrete example:

IFA<B
PRINT A
ELSE
PRINT B
END

In this form, if the test is true, the commands lestwIF and ELSE will be executed. If the test
is false, then the commands between ELSE and END will be executed. So here, if the first
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element of A is less than the first element of B, then the program will print A; otherwise, it will
print B.

The third anl most general form of the IF command adds the ELSEIF command. This form
looks like this:

IF logicalExpressionl

' Commands to execute if logicalExpressionl is true
ELSEIF logicalExpression2

' Commands to execute if logicalExpressionl is false

"bu tlogicalExpression2 is true
ELSEIF logicalExpression3

' Commands to execute if logicalExpressionl and

' logicalExpression2 are false but logicalExpression3 is true
ELSEIF logicalExpression4

ELSE
' Commands to execute if all the above lo gicalExpressions failed
END

In this form, there can be any number of ELSEIF commands. Each ELSEIF command must have
a logicalExpression as its argument. Only one set of commands will be executed even if more
than one test would pass. The first test thaspa is the one that will execute, and then the

program will skip all the remaining ELSEIF and ELSE commands and continue after the END
statement.

The ELSE clause is optional, but there can be no more than one ELSE. The ELSE command
must not have an argumte The commands in the ELSE clause will only be executed if all the
other tests in the IF...ELSEIF...ELSE...END block fail.

This most general IF block command can act as what is called in other computer languages a
Acase statement 0. l[atBuipwhictsyeu hgdseverdl kinds ohanismalsmu
chosen at random and you wanted to do different things depending on which animal was
selected. Here is how that might be done.

ENUMcatdog cow bird
COPY cat,bird animals 'copy the sequence from cat to bird into animals

SAMPLE 1 animals animal 'choose one kind of animal at random
IF animal = cat

'‘do cat commands

PRINT " Meeoow!"
ELSEIF animal = dog

‘do dog commands

PRINT " Arf arf!
ELSEIF animal = cow

'‘do cow commands

PRINT " Moooo! "
ELSEIF animal = bird

'‘do bird commands

PRINT " Tweet tweet!
END

This example also introduces thBlUM command s hor t f o.ThidficBhmmamde r at or 0
allows you to use names such as cat, dog, ace, deuce, red, blue, etc. that have mganing in
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program but don't have taave numericaralues And, as you can see from the example, once
you have created the names, they can be used to specify a sequence. See tResgetion
Clarity and Readabilitjor complete information on tHENUM, CONST andNAME

commang.

WHILE ... END

The WHILE command is similar to the IF command in that it takegiaal expressiomas its

only argumentLike IF, WHILE also executes tlreommands between itself and the END

command i f the | ogi cal expressiondébs result is
of commands, WHILE performs the logical expression again and if it evaluates to true again, it

will execute its commankdlock again. This will continue until the logical expression evaluates to

false. Thus, some part of the logical expression must change or the loop will nevéthend

logical expression evaluates to false the very first time the loop is enteredyheilldoe

skippedHer ed6s an exampl e:

COPYOA 'Give A the starting value zero

WHILE A< 3 'As long as A is less than three, do the following
PRINT A " Print A
LET A =1 + A' Add1toAand putthe resultin A

END

In this example, A changes its value each time through the loop, increasing by 1 each time. It is
the commandbDD A 1 A that causes A to be given a new value that is its old value plus 1.
Eventually A will no longer be less than three and the WHILE loop withitesite. Here is the
output of the program:

A:0.0

A: 1.0
A: 2.0

The logical expression for the WHILE command can be as complex as you like. See the section
Compound Tests and Logical Expressitorsmore information on logical expressions.

UNTIL ... END

The UNTIL command offers another looping optidike the WHILE command, it requires a

logical expression as its argumeniis loop executes the commands between UNTIL and END

until its logical expression becomes true. The UNTIL command tests its logical expression each

time through the loop, but onbfter it executes its block of commands. That means that no
matter what the | ogical e fwgh entereds thedoopilisexeputel ue 1 s
at least once.

A conditional loopis a loop whose number of repetitions is not fixed but is determined by a
logical expressionWHILE and UNTIL loops are conditional loopEPEAT and FOREACH

are unconditional loop$f you are writing aconditionalloop that must execute zero or more
times, then you should use a WHILE loop. If you are writing a loop that must execute one or
more times, then you should use an UNTIL loop.

Since UNTIL depends on a logical expressgmme part of théogical exprasion musthange
during the execution of the loop tause the logical expression to become atusome point
Otherwisethe loop will never terminate.
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Here is an example of a sSimplNTIL loop:

COPYOA 'Give A the starting value zero
UNTILA =3 'Repeat until A becomes 3

PRINT A ' print A

LET A=1+ A ' Add1toA and putthe resultin A
END

In this example, A changes its valoie each cycle ahe loop, increasing by 1 each tinfdne
commandaDD A 1 A causes A to be given a new value that is its old value plus 1. Eventually A
equabthree and the UNTIL loop will terminate. Here is the output of the program:

A: 0.0

A:1.0
A: 2.0

You might be surprised to find that the following example is an infindp:lo

COPYOA
UNTILA=0
PRINT A
LET A=1+ A
END

I n this program, the variable A is set to zer
its test until after it executets first cycle so it prints the current value of A, whichzero, then

it increments A making it 1. Now, when the loop proceeds to evaluate the logical expression test

it finds that A is not zero, so it goes through the loop again. The value of A will never be zero, so

the loop will never terminat&/ARNING: If you run this program itatistics10Xhe loop is so
Atighto that you might not be avllipmbablychavabor t t
to kill the Statistics10Jrogram using the Task Manager (Windows) or its equivalent in the Mac

or Unix. Instead of running the program at full speed you can use the debugger to step through it.

Nesting Commands
Thefive commands, REPEAT, FOREACH, IBNTIL, and WHILE, can contain each other.

This is called fAnestingo, b e avihinamthen. Baech END mp o un
command belongs to the closest previoukEitb-ed compound command. To make the concept
concrete, hereds the skeleton of a program th

REPEAT 1000

IFA<=B

WHILE C > D
END
END
END
The WHILE command and its included commands (

with other commands, within the IF command, which itself is nested within the REPEAT
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command. Almost every pragm example that | will discuss in this document or that you will
write on your own will make use of nested compound commands.

Here is a simple real example using nested FOREACH loops to print quérthetations
possible for rolling three die.

"List all the possible results (permutations) for rolling 3 die.
'For example, these six cases would be considered different and
‘therefore each one would be printed:
'123)(132)(213)(231)(312)(321)
COPY 1,6 die
FOREACH facel die
FOREACH face2 die
FOREACH face3 die
COPY facel face2 face3 roll
PRINT roll
END
END
END

The first few results follow:

roll: (1.0 1.0 1.0)
roll: (1.0 1.0 2.0)
roll: (1.0 1.0 3.0)
roll: (1.0 1.0 4.0)
roll: (1.0 1.0 5.0)
roll: (1.0 1.0 6.0)
roll: (1.0 2.0 1.0)

Extending this example to show a more complex case, here is a way to show all the
combinationghat three dice can produce:

‘List all the possible results of rolling 3 die without regard to
‘their order (combinations). For examp le, these six cases would
'be considered equal and therefore only one would be printed to
representthemall: (123)(132)(213)(231)(312)(321)
FOREACH facel 1,6
FOREACH face2 facel,6
FOREACH face3 face2,6
COPY facel fac e2 face3roll
PRINT roll
END
END
END

Study carefully the differences between the two programs to understand how this second one
works. Here are the first few results for comparison:
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roll: (1.0 1.0 1.0)

roll: (1.0 1.0 2.0)

roll: (1.01.03 .0)

roll: (1.0 1.0 4.0)

roll: (1.0 1.0 5.0)

roll: (1.0 1.0 6.0)

roll: (1.02.02.0) < -- First difference between outputs

The BREAK Command

The BREAK commanddrces immediate exit from the innermost REPEAT, FOREACH,

UNTIL, or WHILE loop enclosinghe BREAK command. Control will jump to the command
foll owing the innermost | oop6s END command.
continue as if the innermost loop had completed normally.

For exanple, suppose/ou wanted to known averagéow many random trials it would take to
choose a given number, siywith replacementrom a list of all the integers between 1 and 10.
The process to simulate is to create a list of the 10 numbers, select one at random with
replacement. If that is ndué¢ desired number, select again, keeping track of how many trials it
takes you to finally get the numbefere is a program to do that, using the BREAK command to
exit the otherwise infinite WHILE loop.
DATA 1,10 numbers
COPY 5 desiredNumber
REPEAT 10000
COPY 0 counter
WHILE 1 =1
LET counter = 1 + counter
SAMPLE 1 numbers theSample
IF theSample = desiredNumber
SCORE counter trials
BREAK
END
END
END
MEAN trials meanCounts
MEDIAN trials medianCounts
PRINT meanCounts medianCounts
HISTOGRAM percent binsize 1 trials

ThewHILE1=1 command is an endless loop because 1 is always equal to 1. The only way out
is to use the BREAK command to force exit when the desired condition i$henh the

BREAK executes, th&/HILE loop terminates but the REPEAT loop does not. It continues just
after the WHI LE landdhpnirestars th®WHILAE hoapean the next trial.

| used the infinite loop in the above example program just to demonstrate the BREAK command.

Try the following exercises:

1. Revisethe programusirg a noninfinite WHILE commandand without the BREAK
command.

2. Revise the program using a noriinite UNTIL command.

3. Revise the program, using either WHILE or UNTIL to select the sample without replacement
and compare and explain the differences in the result.

You can see my solutions fatp://www.statistics101.net/selectingNumbersFromAList.html
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